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We establish the general framework of quantum fluctuation theorems by finding the symmetry
between the forward and backward transitions of any given quantum channel. The Petz recovery
map is adopted as the reverse quantum channel, and the notion of entropy production in ther-
modynamics is extended to the quantum regime. Our result shows that the fluctuation theorems,
which are normally considered for thermodynamic processes, can be a powerful tool to study the
detailed statistics of quantum systems as well as the effect of coherence transfer in an arbitrary
non-equilibrium quantum process. We introduce a complex-valued entropy production to fully un-
derstand the relation between the forward and backward processes through the quantum channel.
We find the physical meaning of the imaginary part of entropy production to witness the broken
symmetry of the quantum channel. We also show that the imaginary part plays a crucial role in
deriving the second law from the quantum fluctuation theorem. The dissipation and fluctuation
of various quantum resources including quantum free energy, asymmetry and entanglement can be
coherently understood in our unified framework. Our fluctuation theorem can be applied to a wide
range of physical systems and dynamics to query the reversibility of a quantum state for the given
quantum processing channel involving coherence and entanglement.
I. INTRODUCTION
Since Shannon’s adaptation of ‘entropy’ as the measure
of information [1], we have witnessed surprising useful-
ness of the mathematical descriptions of thermodynamics
in developing information theory [2]. The interplay be-
tween information theory and thermodynamics has gone
further than the development of common mathematical
tools as the information [3, 4] and its feedback control [5]
were, indeed, found to be physical and a source of work.
Any physical processes can involve inevitable loss, and
this gives rise to the irreversibility of macroscopic states,
which is known as the second law of thermodynamics.
The principle of macroscopic irreversibility is not only
valid in thermodynamics, but also in information theory.
A resembling theorem called the data processing inequal-
ity, which says that information content never increases
through a noisy channel, presides in information theory.
These laws and theorems are, however, based only on the
average behavior of a large system in equilibrium, while
the full picture of statistical properties of a physical pro-
cess can be found through the dynamics of probabilities
of microstates. Macroscopic physical states consist of the
ensemble of possible microstates, and physical processes
can be understood as a collection of transitions between
microscopic states. As the physical system gets smaller
and more complex, there has been a demand to describe
such transitions in non-equilibrium. For this purpose,
fluctuation theorems (FTs) [6–9] have emerged. In par-
ticular, the Crooks FT [7] can be summarized by the
following equality between the probabilities P→ and P←
of forward and backward transitions
P→(σ)
P←(−σ) = e
σ, (1)
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where the parameter involved is the entropy production
σ. This symmetry shows that the probability of the re-
verse process happening depends on the entropy produc-
tion during the forward process, which can be understood
as a general result from the microreversibility of Hamil-
tonian dynamics [10]. The Jarzynski equality [8] and the
second law of thermodynamics can be derived from the
Crooks FT. The classical FTs are well-established with
experimental verifications in microscopic systems [11–14],
in which the transition probability of a microscopic state
gives critical effects on the system.
As the theory of thermodynamics extends its realm to
the quantum regime, one of the important questions is
whether and how the FTs can be generalized to quan-
tum systems. In other words, the question is ‘Can we
establish a single-parameter valued symmetry between
forward and backward probabilities for an open quan-
tum process?’ In this paper, we answer this question
by establishing such a symmetry, which can be applied
not only to quantum thermodynamic channels but also
to any noisy quantum information processing channels.
Despite the efforts to extend the FTs to the quan-
tum regime [9, 15, 16], a quantum FT (QFT), which can
fully incorporate quantum features in the system and the
channel, is still to emerge. For instance, in the presence
of quantum coherences, thermodynamic free energy [17–
19] can be larger than its classical counterpart which is
concerned with classical energetic values. The role of
quantum coherences and correlations is acknowledged as
a resource that can be utilized for work extraction [20–
22] or time referencing tasks [23, 24]. These nonclassical
features stemming from quantum coherences not only af-
fect thermodynamic quantities on average but also make
the outcome probability distributions differ from clas-
sical theory. Quantum coherences are present in non-
equilibrium quantum processes [25–53].
In order to establish a QFT, we have to define (1) the
reverse process and (2) the quantum version of entropy
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2production. These are not straightforward tasks, and ef-
forts so far have been mainly to use the classical definition
of work for quantum systems [54, 55] or to adopt quan-
tum measurements [32], namely, positive-operator valued
measurements (POVMs), in order to consider work based
on the two-point measurement (TPM) [25]. The entropy
in classical theory does not reflect quantum coherences;
thus the quantum parameter equivalent to the entropy
production will be based on the quantum measure of fluc-
tuations. Some progress to take into account coherences
in QFT has been made by adopting the techniques of
quantum information theory [26, 29, 33, 47, 50, 51] and
quantum field theory [53], as well as the quantum jump
approach [27] and the master equation approach [39].
However, some of them [27, 29, 39, 47, 50] are limited
to specific quantum channels, and their measurement-
based approaches [26, 27, 39, 51] suffer from the loss of
coherences after measurements.
In this paper, we establish the fluctuation relation for
a linear quantum channel that reproduces the FTs in
the classical thermodynamic limit. This can be done by
adopting the reverse quantum process, known as the Petz
recovery map [56] and generalizing the concept of entropy
production to take into account coherences in a quantum
system. We investigate the effect of coherences in a quan-
tum state that makes the fluctuation relation, given by
the ratio between the forward and backward transition
probabilities, different from the conventional FTs. When
the quantum channel induces coherence transfers, the
transition between diagonal and off-diagonal elements in
the density matrix of a quantum state can be understood
via complex-valued quantum entropy production. The
emergence of imaginary entropy production is related to
the symmetry breaking property of the quantum channel,
and we study concrete examples of a two-level atom inter-
acting with coherent and incoherent bath states. More
importantly, the imaginary part of entropy production
plays an essential role in deriving the generalized second
law for a quantum channel from our QFT. Our result
verifies that not only the loss of thermodynamic free en-
ergy but also the loss of coherences or entanglement can
be qualified as a dissipated resource responsible for the
irreversibility of a quantum process.
The rest of the paper is organized as follows. In Section
II, we reformulate the FT for a classical channel and dis-
cuss how to identify the reverse process for a given quan-
tum channel via the Petz recovery map. In Section III,
we demonstrate how coherences in a quantum state affect
the fluctuation relation deviating from conventional FTs
and construct the QFT of entropy production based on it.
In Section IV, we introduce the complex-valued quantum
entropy production in order to fully describe the transi-
tion between off-diagonal elements through the quantum
channel and discuss how the QFT should be modified
accordingly. In Section V, we show that the generalized
second law of thermodynamics can be derived from the
QFT, which can be applied to analyze the loss in quan-
tum thermodynamics, as well as in the resource theories
of asymmetry and entanglement. The paper is concluded
with final remarks in Section VI.
II. PRELIMINARIES
A. Entropy production fluctuation relation for a
classical channel
We reformulate the Crooks FT [7] in Eq. (1) which
will help us to establish a QFT in a close analogy to this
formulation. For this purpose, we focus on the transition
between two physical states from A to B by a general
physical process N , which can be a thermodynamic pro-
cess or information encoding through a noisy channel.
The physical states A = {p(x)} and B = {p′(y′)} are
assumed to be macroscopic states described by proba-
bility distributions p(x) and p′(y′) of their microscopic
entities x and y′. We may consider the reverse process R
corresponding to N , which can be achieved by another
physical process, for example, time-reversal, information
decoding, or a recovery channel.
The transition probability from a microscopic state x
to another microscopic state y′ for the forward process
x
N−→ y′ is denoted by T (x → y′). Similarly, the tran-
sition probability for the backward (or reverse) process
x
R←− y′ is denoted by T˜ (x ← y′). The ratio between
the forward and backward transition probabilities shows
the tendency of the microscopic state transitions. Based
on this observation, we denote this ratio after taking the
logarithm as “information exchange”:
δqx→y′ := − log
[
T (x→ y′)
T˜ (x← y′)
]
. (2)
Note that the information exchange does not depend
on the distribution of microstates in the macrostate A
or B, but on the forward and backward physical pro-
cesses. Here, we find the concrete physical meaning of
information exchange in thermodynamics when a system
is in contact with a thermal bath in equilibrium. By
assuming the microscopic reversibility with the energy
conservation law, the transition probability between two
phase space points x and y′ are given by T (x → y′) =
T¯ (x¯← y¯′)e−β∆E [7, 57, 58], where T¯ represents the time-
reversed trajectory of the time-reversed states x¯ and y¯′,
∆E is the energy difference between the two phase space
points, and β is the inverse temperature: β = 1/(kBT )
with kB the Boltzmann constant. When the system and
bath are isolated from the external environment, the en-
ergy difference ∆E of the system comes from the heat
Q: ∆E = Q. Thus, the information exchange δqx→y′
corresponds to βQ. However, correlations between the
system and memory, which transfers information to a
different time [59], can be an additional parameter in-
volved in δq which leads to the modification of the FTs
[5, 60] for nonequilibrium thermodynamics of measure-
ments and feedback controls. In this paper, we show
3t = 0 t = τ
N
R
{p(x)}
A B
{p˜(x)}
BA˜
{p′(y′)}
{p′(y′)}
⇒ P→(x, y′)
⇒ P←(x, y′)
x y
x y
x y′
x y′
FIG. 1. Schematic for the standard TPM scheme for the
forward A
N−→ B and backward A˜ R←− B processes. The
distributions P→(x, y′) and P←(x, y′) are defined in the TPM
between two different times 0 and τ .
that the information exchange can have various physical
forms—energy, coherence, or entanglement—depending
on the physical process and how its reverse process is
constructed.
Next, we discuss how the distribution of microstates
can be changed as a result of the physical process. For
this, we define the difference between the information
contents of the macrostates, using the single-shot entropy
difference
δsx→y′ := − log p′(y′) + log p(x)
provided that we observe the statistics of the microstates
x and y′ at the initial and final points. In contrast to the
information exchange, this entropy difference depends
only on the initial and final probability distributions p(x)
and p′(y′).
Finally, we describe how two different entropic
quantities—the information exchange and the entropy
difference can be connected. Analogous to the thermo-
dynamic entropy production, we define the single-shot
entropy production for the transition x→ y′ as
σx→y′ := δsx→y′ − δqx→y′ . (3)
When the system is in equilibrium, the entropy flow
δqx→y′ will lead to the entropy difference δsx→y′ , i.e. the
entropy production becomes zero: σx→y′ = 0. On the
other hand, in the general case of nonequilibrium pro-
cesses, the entropy production will not vanish. To de-
scribe this case, we introduce the TPM approach which
is widely studied for FTs in thermodynamics (see Fig. 1).
The TPM distribution P→(x, y′) describes every possible
event to observe (x, y′) at the initial and final measure-
ments, where each marginal distribution reduces to the
initial or final statistics p(x) or p′(y′). Assuming that
the physical process depends only on its current state,
the TPM joint measurement probability can be written
as
P→(x, y′) = p(x)T (x→ y′).
Similarly, the backward TPM distribution P←(x, y′) =
p′(y′)T˜ (x← y′) can be defined for the backward process.
By using the TPM probability distribution, the proba-
bility to get σ amount of entropy production during the
forward process can be written as
P→(σ) =
∑
x,y′
P→(x, y′)δ(σ − σx→y′),
then we obtain the FT in Eq. (1). It can be derived from
Eq. (1) that the average entropy production 〈σ〉 is al-
ways positive, i.e. “information loss” during the physical
process N results in the extra increase of entropy of the
system.
B. Quantum operation time reversal and the Petz
recovery map
In order to generalize the concept of the entropy
production FT to a quantum channel, the first task
is to identify the reverse map for the given quantum
channel, which generalizes the time-reversed trajectory
in thermodynamics. We require that both the for-
ward (N ) and backward (R) quantum processes should
be completely positive trace-preserving (CPTP) maps,
which can be expressed as N (ρ) = ∑mKmρK†m and
R(ρ) = ∑m K˜mρK˜†m satisfying ∑mK†mKm = 1 and∑
m K˜
†
mK˜m = 1 in their Kraus representations. A
form of R has been introduced by Crooks [61] in the
notion of ‘quantum operation time reversal’ inspired
by the time reversal of the Markov chain [62]. When
the channel has a fixed point pi satisfying N (pi) =
pi, we can define the Kraus operator for the reverse
dynamics as K˜m = pi
1/2K†mpi
−1/2, which leads to
Tr[Km′KmpiK
†
mK
†
m′ ] = Tr[K˜mK˜m′piK˜
†
m′K˜
†
m], or equiva-
lently P→(m,m′) = P←(m,m′), preserving the dynamic
history of the process for the state pi. Consequently, the
reverse map can be defined as Rpi(ρ) =
∑
m K˜mρK˜
†
m,
where the fixed point pi remains unchanged by Rpi, i.e.,
Rpi(pi) = pi.
Crooks’s original approach [61] requires a fixed equilib-
rium state which is invariant under the quantum channel.
This condition is relaxed to construct a general form of
the reversed quantum operation, the so-called Petz re-
covery map [56]. Provided the structure of the quantum
channel, i.e., γ
N−→ N (γ), is known, the Petz recovery
map can be constructed as follows:
Definition 1 (Petz recovery map). For a given reference
state γ and CPTP map N , the Petz recovery map Rγ is
defined as
Rγ(ρ) :=
(
J 12γ ◦ N † ◦ J−
1
2
N (γ)
)
(ρ),
where N †(·) = ∑mK†m(·)Km is the adjoint map, andJ αA (·) := Aα(·)Aα† is defined as a rescaling map. The
Petz recovery map is a CPTP map and fully recovers the
reference state, i.e. Rγ(N (γ)) = γ.
4In the Kraus representation, the reverse quantum
channel Rγ is given by the set of Kraus operators {K˜m}
with K˜m = γ
1/2K†mN (γ)−1/2. Compared with Crooks’s
quantum operation time reversal [61], it is always possi-
ble to construct the Petz recovery map Rγ for any given
reference state γ, while Rγ reduces to the quantum oper-
ation time reversal when taking the fixed reference state
pi satisfying N (pi) = pi. The recovery map Rγ is specific
to the choice of the reference state and it is not possi-
ble to choose a map which can recover any initial state ρ
unless the channel is represented by a unitary operation
for the system. We also note that there exists a duality
between N and Rγ that N becomes the recovery map
of Rγ by choosing the reference state N (γ). The refer-
ence state can be chosen depending on the fluctuation of
which physical properties we are interested in. The re-
covery maps, following the reference states, can vary even
for the same forward quantum channel. As an example,
we investigate in Section V how the different choices of
reference states lead to the different fluctuation theorems
of free energy, coherence, or entanglement.
While there have been some discussions of using the
Petz recovery map to the QFT [47, 50, 51, 63], they
mainly focus on thermodynamic channels [47, 50], or
their measurement-based approaches [51, 63] cause the
inevitable loss of coherences after measurements. Here
we formulate a very general QFT based on the Petz re-
covery map. For this, we choose a reference state and its
recovery map then write the backward transition proba-
bility through this map. In our formulation, both quan-
tum and classical information quantities as well as ther-
modynamic quantities can be coherently combined into a
unified framework. It is worth noting that the dynamics
of the system may not be linear, for example when the
system and bath are initially correlated [64], a case we do
not consider in this work. Throughout the paper, we as-
sume that the reference state is full-rank, and we denote
the reference state by γ =
∑
i ri|i〉〈i| and the evolved
state by N (γ) = ∑k′ r′k′ |k′〉〈k′|, using their eigenvalue
decompositions.
III. FLUCTUATION THEOREMS FOR A
QUANTUM STATE WITH COHERENCE
A. Pure state fluctuation relation
Let us start with how the fluctuation relation for the
transition probability is modified when quantum states
contain coherences. Consider the transition probability
between two pure quantum states |ψ〉 N−→ |φ′〉, which can
be compared to the transition between the microscopic
entities x and y′ in Eq. (2). Throughout the paper, a
primed parameter (·)′ denotes the final state after pass-
ing the channel. The forward transition probability is
defined as T (|ψ〉 → |φ′〉) := 〈φ′|N (|ψ〉〈ψ|)|φ′〉. How-
ever, it is important to note that the reference states
are not, in general, equally distributed in their eigen-
states. Consequently, the maximally mixed state 1/d in
a d-dimensional Hilbert space is not a passive state as
N (1) 6= 1 and Rγ(1) 6= 1. This raise the difficulty of a
fair comparison between the forward and backward tran-
sitions in the same scale. In order to handle this, the
coefficients of a density matrix can be weighted differ-
ently based on the distribution of the reference states,
which we call the reference-rescaling [52, 65, 66]. In par-
ticular, we can choose the rescaling operations (denoted
as ∼) for the reverse process to satisfy the relation 1d
∼−→
N (γ) Rγ−−→ γ ∼−→ 1d so that the maximally mixed states is
now mapped to itself in the rescaled statistics. By impos-
ing this condition, the reverse process is applied to the
rescaled states |ψ˜〉 and |φ˜′〉, where the transition prob-
ability is given by T˜ (|ψ˜〉 ← |φ˜′〉) := 〈ψ˜|Rγ(|φ˜′〉〈φ˜′|)|ψ˜〉.
We then obtain the following fluctuation relation for the
transition between the two pure quantum states:
Theorem 1 (Detailed balance condition for pure states).
The transition probabilities from |ψ〉 to |φ′〉 under a quan-
tum channel N and its backward process Rγ obey the fol-
lowing relation:
T (|ψ〉 → |φ′〉)
T˜ (|ψ˜〉 ← |φ˜′〉) = 〈ψ|γ
−1|ψ〉〈φ′|N (γ)|φ′〉, (4)
where |ψ˜〉 = 〈ψ|γ−1|ψ〉−1/2γ−1/2|ψ〉 and |φ˜′〉 =
〈φ′|N (γ)|φ′〉−1/2N (γ)1/2|φ′〉 are the reference-rescaled
states.
Detailed proofs of all the Theorems can be found in the
Appendix. We note that the detailed balance condition
given by Eq. (4) does not depend on how the quantum
channel N is applied (for instance, suddenly or adiabat-
ically), which is also the case in classical thermodynam-
ics. We point out that the eigenstates of the reference
states are not affected by the rescaling i.e. |˜i〉 = |i〉
and |k˜′〉 = |k′〉. By taking the fixed equilibrium state
γ =
∑
i e
−βEi/Z|i〉〈i| with the partition function Z =∑
i e
−βEi , we obtain T (|i〉 → |k′〉) = T˜ (|i〉 ← |k′〉)e−β∆E
with ∆E = Ek′ − Ei, which shows that Eq. (4) re-
duces to the classical detailed balance condition. On the
other hand, when the final state is given by the max-
imally coherent state |φ〉 ∝ ∑k′ |k′〉, its rescaled state
becomes |φ˜〉 ∝ ∑k′ e−βEk′ |k′〉, the so-called coherent
Gibbs state. Conversely, the initial coherent Gibbs state
|ψ〉 ∝ ∑i e−βEi |i〉 is rescaled into the maximally coher-
ent state |ψ˜〉 ∝ ∑i |i〉 for the reverse quantum processRγ . Theorem 1 also shows that recently studied Gibbs-
rescaling approaches toward the quantum fluctuation re-
lation [52, 66] can be applied to a wider range of quantum
channels beyond thermodynamic processes.
In order to illustrate the effect of coherence in the de-
tailed balance, let us consider a single two-level atom as
our system of interest. This interacts with a simple bath
of a single-mode field. The system-bath interaction fol-
lows the Jaynes-Cummings (JC) model [67] whose Hamil-
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FIG. 2. Detailed balance of pure states for the JC Hamiltonian described in Eq. (5) with the parameters β = 1, ω0 = 1 and
g = 0.1. The upper figures (a), (b), and (c) represent the results without noise, and the lower figures (d), (e), and (f) represent
the results with noise Lnoise given by Eq. (10) with Γ = 0.1. (a) and (d) refer to the forward (blue solid lines) and backward
(red dashed lines) transition probabilities of |g〉 → |e〉 versus the evolution time τ . (b) and (e) refer to the state transition
|g〉 + |e〉 → |g〉 − |e〉. (c) and (f) show the ratio T (|ψ〉 → |φ′〉)/T˜ (|ψ˜〉 ← |φ˜′〉) between the forward and backward transition
probabilities from |ψ〉 = √r|g〉 + √1− r|e〉 to |φ′〉 = √1− r|g〉 − √r|e〉 versus energy difference ∆E = Eφ′ − Eψ (blue solid
lines). Dashed lines refer to the classical thermodynamic detailed balance e−β∆E . The green and red dots are obtained for
the transition with ∆E = 0 for the coherent and incoherent initial fields, respectively. The additional factor Υ ≈ 1.27 can be
observed for the case with coherence. This ratio depends only on the values of β and ω0 but not on g, Γ, or τ .
tonian is given by
HJC = Ha +Hf + g(σ+a+ σ−a†), (5)
where the atomic Hamiltonian Ha = ~ωaσz/2 with the
Pauli σz operator, the field Hamiltonian Hf = ~ωfa†a
with bosonic operators a and a† and the last term rep-
resents the interaction Hamiltonian with σ± the raising
and lowering operators for the atom, and g the atom-
field coupling strength. For the resonant interaction, the
atomic transition frequency ωa and the field frequency
ωf are the same: ωa = ωf = ω0. We assume that the
field state is initially in thermal equilibrium at temper-
ature T ; its density matrix is given by the field density
operator γf = exp(−βHf )/Zf . After their interaction
for some time τ , the atomic state is found by tracing out
the field mode:
N0→τ (ρ0) = Trf [U0→τ (ρ0 ⊗ γf )U†0→τ ], (6)
where the evolution operator U0→τ = e−iHJCτ . As a
reference state of the system of interest, let us con-
sider the atomic state in thermal equilibrium, γa =
exp(−βHa)/Za, which is unchanged during the time evo-
lution, i.e. N0→τ (γa) = γa for any time period τ . This re-
sembles the thermodynamic processes studied in Ref. [50]
as the unitary evolution obeys the energy conservation
relation [U0→τ , Ha + Hf ] = 0 . The corresponding Petz
recovery map is written in the form of the time-reversed
evolution [50] of the atomic state
R0←τ (ρτ ) = Trf [U0←τ (ρτ ⊗ γf )U†0←τ ] (7)
where U0←τ = eiHJCτ = U
†
0→τ , which is equivalent to
changing the Hamiltonian HJC → −HJC.
Using Theorem 1, we find the symmetry of the forward
and backward transition probabilities between two pure
atomic states |ψ〉 → |φ′〉 with the energy difference ∆E =
Eφ′ − Eψ = 〈φ′|Ha|φ′〉 − 〈ψ|Ha|ψ〉:
T (|ψ〉 → |φ′〉)
T˜ (|ψ˜〉 ← |φ˜′〉) = Υe
−β∆E , (8)
which resembles the detailed balance condition in clas-
sical thermodynamics, with the extra factor Υ =
exp[β∆E + log〈ψ|eβHa |ψ〉〈φ′|e−βHa |φ′〉]. We note that
the extra factor Υ contains the higher-order terms of
the system Hamiltonians, and Υ ≥ 1. This captures
the effect of coherences on the quantum detailed bal-
ance as Υ > 1 if and only if either the initial or final
state contains energy coherences. It can be understood
in the sense that fluctuations in coherences make it more
difficult to achieve the reverse quantum process of the
rescaled states.
Figure 2 compares the detailed balances regarding in-
coherent and coherent state-transition probabilities. The
parameters for HJC are given by β = 1, ω0 = 1 and
g = 0.1. When the initial and final states do not
contain coherences in the energy-eigenstate basis, (e.g.
|e〉 → |g〉 or |g〉 → |g〉, where |g〉 and |e〉 are the ground
and excited atomic states) Υ becomes 1. On the other
hand, the transition from |ψ〉 = √r|g〉 + √1− r|e〉 to
|φ′〉 = √1− r|g〉−√r|e〉 for 0 < r < 1 leads to Υ > 1 re-
6flecting the role of coherence in the detailed balance con-
dition. For example, by choosing r = 1/2 to set ∆E = 0,
the quantum correction is given by Υ ≈ 1.27.
We point out that this can be generalized to any multi-
level systems with the appropriate Hamiltonian H. The
effect of coherence becomes significant when the temper-
ature is low and the state has coherence between a large
energy difference. In contrast, for the high temperature
limit we recover the conventional fluctuation theorem.
Up to the second order of β, the quantum correction is
given by Υ ≈ 1 + 12 [β2(Var|ψ〉(H) + Var|φ′〉(H))], where
Var|ψ〉(H) = 〈ψ|H2|ψ〉 − 〈ψ|H|ψ〉2.
B. Master equation approach
Our approach can be applied to quantum Markov pro-
cesses. Suppose that the dynamics of a quantum state is
given by the Lindblad equation
dρ
dt
= L(ρ) = − i
~
[Ht, ρ] +
∑
n
(
LnρL
†
n −
1
2
{L†nLn, ρ}
)
,
where [A,B] = AB − BA is the commutator, and
{A,B} = AB + BA is the anti-commutator. When we
know the full trajectory of the reference state γt, which
evolves by the dynamics dγt/dt = L(γt) for 0 ≤ t ≤ τ ,
we can construct the reverse dynamics based on the Petz
recovery map. This can be done by considering a chan-
nel Nt→t+dt at time t for an infinitesimal time interval
dt, which can be written as
Nt→t+dt = 1 + Ldt.
According to the definition of the Petz recovery map, the
reverse process for this infinitesimal time interval is given
by
Rt←t+dt = J
1
2
γt ◦ N †t→t+dt ◦ J
− 12
γt+dt .
We note that this reverse dynamics can be expressed in
another Lindblad superoperator such thatRt←t+dt = 1+
L˜dt, where
L˜(ρ) = − i
~
[H˜t, ρ] +
∑
n
(
L˜nρL˜
†
n −
1
2
{L˜†nL˜n, ρ}
)
. (9)
Here, the Hamiltonian and jump operators
for the reverse dynamics are defined as H˜t =
− 12γ
1
2
t
(
Ht + i~γ
− 12
t (dγ
1
2
t /dt) +
i~
2
∑
n L
†
nLn
)
γ
− 12
t + h.c.
and L˜n = γ
1
2
t L
†
nγ
− 12
t , respectively. This reverse dynamics
fully recovers the trajectory of the reference state, i.e.,
dγτ−t˜/dt˜ = L˜(γτ−t˜), where t˜ represents the evolution
time in the reverse trajectory.
This result can be compared with the reverse dynamics
of a Lindblad master equation studied in Ref. [51]. First,
our result provides the closed form of the reverse dynam-
ics in terms of the valid Hamiltonian H˜t and L˜n jump
operators in its master equation, while the approach in
Ref. [51] results in the non-Hermitian effective Hamil-
tonian to describe the reverse dynamics. Second, our
approach does not require any condition on the forward
dynamics, thus can be applied to an arbitrary quantum
Markov channel, while specific channels have been con-
sidered in Refs. [39, 51].
We discuss an application of the reverse Markov dy-
namics to FTs when noise is included. Let us consider
the previous examples of the JC Hamiltonian, subject
to the thermal environment. The Lindbladian respon-
sible for the noise is given by Lnoise(ρ) = Γ(σ+ρσ− +
(1/2){σ−σ+, ρ}) + Γeβ~ω0(σ−ρσ+ + (1/2){σ+σ−, ρ}),
where Γ is the coupling constant with thermal environ-
ment. The dynamics of the total atom-field state is given
by
dρ
dt
= L(ρ) = −i[HJC , ρ] + Lnoise(ρ). (10)
We note that the Gibbs state γ = γa ⊗ γf of both atom
and field modes is stationary under the dynamics, i.e.,
L(γ) = 0, which can thus conveniently serve as the fixed-
point reference state as in the case without noise. The
reverse dynamics is then given by the inversion of the
Hamiltonian, H˜JC = −HJC , analogously to Eq. (7),
while the noise term remains the same, L˜noise = Lnoise.
If we trace out the field mode, we obtain the reverse tra-
jectory of the atomic state. Figure 2 shows how the for-
ward and backward transition probabilities between the
two pure states change when the noise is added to the
system’s dynamics. We highlight that the detailed bal-
ance condition Eq. (8) is unchanged as the atomic state
γa remains the same for the cases with and without the
noise term.
C. Quantum Crooks FT
Let us move on to derive the QFT for a mixed state
transformation through the quantum channel. Sup-
pose that ρ =
∑
µ pµ|ψµ〉〈ψµ| is transformed into
N (ρ) = ∑ν′ p′ν′ |φ′ν′〉〈φ′ν′ | by the quantum channelN . Here {pµ, |ψµ〉} and {p′ν′ , |φ′ν′〉} are the eigenvalue-
decompositions of ρ and N (ρ) respectively, and |ψµ〉 and
|φ′ν′〉 are not necessarily orthogonal to each other. The
single-shot entropy change is calculated similarly to the
classical channel as
δsµ→ν
′
:= − log p′ν′ + log pµ,
based on the von Neumann entropy S(ρ) =
−Tr[ρ log ρ] = −∑µ pµ log pµ.
The information exchange of the quantum channel is
characterized with respect to the reference bases {|i〉}
and {|k′〉}. The classical and quantum channels are dif-
ferent as the latter could include coherences; thus, tran-
sitions between off-diagonal elements, |i〉〈j| N−→ |k′〉〈l′|
7should be considered as well. We define the quantum
information exchange to contain all these transitions by
δqij→k′l′ := − log
[
Tij→k′l′
T˜ ∗ij←k′l′
]
= −1
2
log[r′k′r
′
l′ ]+
1
2
log[rirj ],
(11)
where Tij→k′l′ := 〈k′|N (|i〉〈j|)|l′〉 and T˜ij←k′l′ :=
〈i|Rγ(|k′〉〈l′|)|j〉. Even though the transition matrices
are complex-valued, the ratio between the forward pro-
cess (Tij→k′l′) and the backward process after taking the
complex conjugate (T˜ ∗ij←k′l′) is always positive. If we
consider the transition between the diagonal elements
Tii→k′k′ , the quantum information exchange reduces to
the classical case Eq. (2).
We note that taking the complex conjugate is nec-
essary to establish the symmetry between the forward
and backward transitions of off-diagonal elements and
to consider the equivalence of the transpose operation,
T˜ ∗ij←k′l′ = T˜ji←l′k′ . This implies that the reverse pro-
cess should be redefined as R∗γ := Θ ◦ Rγ ◦ Θ′ to in-
clude the transpose operations Θ(|i〉〈j|) = |j〉〈i| and
Θ′(|k′〉〈l′|) = |l′〉〈k′|, which are related to the time-
reversal operation in quantum mechanics. For example,
in a harmonic oscillator system with the Hamiltonian
H = p2/(2m) + mω20x
2/2 with [x, p] = i~, the trans-
pose operation Θ with respect to the energy eigenstates
is identical to the reflection in phase space, p
Θ−→ −p and
x
Θ−→ x, which is equivalent to the time-reversal opera-
tion. However, R∗γ is no more a CPTP map as the trans-
pose operation does not preserve the complete-positivity
condition [68]. This problem can be bypassed by not-
ing that the quantum states should also be time-reversed
in the reverse trajectory. Time-reversing the quantum
states cancels out the effect of the transpose operations
as Θ(R∗γ(Θ′(ρ′))) = Rγ(ρ′). Throughout this paper we
will keep using the Petz recovery map and the reversed
state without the time-reversal operations to preserve the
CPTP property of the reverse quantum channel, as Rγ
and Θ◦R∗γ ◦Θ′ give the same picture for a physical state
described by a density matrix.
In a similar way to the classical channel given by
Eq. (3), the entropy production for the transition
(µ, i, j)→ (ν′, k′, l′) is defined as
σµ→ν
′
ij→k′l′ := δs
µ→ν′ − δqij→k′l′ . (12)
For the reference state, the entropy production becomes
zero for any transitions, which corresponds to a reversible
process in thermodynamics (see Fig. 3).
The final step to establish the QFT is constructing the
TPM distribution while keeping all the marginal distri-
butions of µ, i, j, ν′, k′, l′ unchanged. Although it is im-
possible to find a positive TPM quasi-probability distri-
bution satisfying such a condition [45, 46], we can define
a complex-valued distribution for the forward process as
Pµ,ν
′
ij,k′l′ := pµ〈φ′ν′ |Πk′N (Πi|ψµ〉〈ψµ|Πj)Πl′ |φ′ν′〉, (13)
N
γ
N
N (ρ)ρ
Rγ
δq = δs
!"#$"%&'($)*")($+,-'.$&(σ = 0)
N (γ)
− δs
RγU
(Rγ ◦N )(ρ)
δq
δq
!"/&'($)*")($+,-'.$&
σ = δs− δq
− δs
FIG. 3. Quantum information exchange (δq) is equal to the
entropy difference (δs) for the reference state γ
N−→ N (γ) (the
upper figure). When the recovery map Rγ does not fully
recover the quantum state ρ, there is entropy production σ =
δs− δq 6= 0 (the lower figure).
where Πi = |i〉〈i| and Πk′ = |k′〉〈k′|. We can prove that
Pµ,ν
′
ij,k′l′ satisfies the marginality:
∑
ν′ or µ
 ∑
i,j,k′,l′
Pµ,ν
′
ij,k′l′
 = pµ or p′ν′
∑
k′ or i
 ∑
µ,ν′,j,l′
Pµ,ν
′
ij,k′l′
 = Tr [Πiρ] or Tr[Πk′N (ρ)].
(14)
We are now ready to derive the entropy production
QFT. Using the TPM quasi-probability, the distribution
of entropy production is given by
P→(σ) =
∑
µ,i,j
∑
ν′,k′,l′
Pµ,ν
′
ij,k′l′δ
(
σ − σµ→ν′ij→k′l′
)
, (15)
and P←(σ) can be similarly defined using the recovery
map Rγ . We note that P→(σ) is a real-valued function,
and only the real parts of the TPM quasi-probability
Re[Pµ,ν
′
ij,k′l′ ] contribute to P→(σ) as P
µ,ν′
ij,k′l′ = (P
µ,ν′
ji,l′k′)
∗
and σµ→ν
′
ij→k′l′ = σ
µ→ν′
ji→l′k′ . Analogous to the classical
Crooks FT, we establish the symmetry between the for-
ward and backward quantum transitions.
Theorem 2. The distribution of quantum entropy pro-
duction for the CPTP map N is related to its reverse
process Rγ as:
P→(σ)
P←(−σ) = e
σ. (16)
8D. Reconstructing the TPM quasi-probability
distribution from a two-point POVM protocol
We schematically describe how to experimentally show
QFT. The first task is to study whether the complex-
valued TPM quasi-probability distribution Pµ,ν
′
ij,k′l′ can be
obtained from observable quantities. Let us consider the
TPM probability
P→(m,m′) = Tr[M ′m′N (MmρM†m)M ′†m′ ],
where Mm and M
′
m′ are measurement operators for the
initial and final points with the measurement outcomes
m and m′, respectively. Note that P→(m,m′) is a proper
probability distribution. Such protocol has recently been
experimentally realized to test fluctuation theorems in
the quantum regime [54, 55, 69, 70].
We point out that the projection measurement Πi and
Πk′ cannot directly be adopted for Mm and M
′
m′ as
all the coherence terms vanish after the measurements
are performed. In order to keep coherences, we perform
POVMs at the initial and final points, where POVM el-
ements can overlap each other. We provide a two-point
POVM protocol such that the TPM quasi-probability can
be obtained from the statistics of the measurement out-
comes.
For our example of the JC Hamiltonian Eq. (5), where
the reference states have the eigenstates {|g〉, |e〉}, the
POVMs for the first and second measurements can be
given by
M(µ,1) =
1√
2
|g〉〈g|Πψµ
M(µ,2) =
1√
2
|e〉〈e|Πψµ
M(µ,3) =
1
2
(|g〉〈g|+ |e〉〈e|)Πψµ
M(µ,4) =
1
2
(|g〉〈g|+ i|e〉〈e|)Πψµ
and
M ′(ν′,1′) =
1√
2
Πφν′ |g〉〈g|
M ′(ν′,2′) =
1√
2
Πφν′ |e〉〈e|
M ′(ν′,3′) =
1
2
Πφν′ (|g〉〈g|+ |e〉〈e|)
M ′(ν′,4′) =
1
2
Πφν′ (|g〉〈g|+ i|e〉〈e|).
Here, Πψµ = |ψµ〉〈ψµ| and Πφν′ = |φν′〉〈φν′ |, and the
measurement outcomes can be represented as m = (µ, a)
and m′ = (ν′, b′) for all possible (µ, a) and (ν′, b′). In
experiments, Πψµ , Πφν′ , |g〉〈g|, and |e〉〈e| can be realized
by projection measurements combined with single-qubit
gates. The other POVM elements 1√
2
(|g〉〈g|+ |e〉〈e|) =
1√
2
and 1√
2
(|g〉〈g|+ i|e〉〈e|) = 1√
2
ei(pi/2)σz can be ob-
tained by performing the controlled-phase gate of φ =
pi/2 along with an initial ancillary state |0〉c + |1〉c fol-
lowed by the projections onto |0〉c〈0| and |1〉c〈1|. These
quantum operations can be implemented in various phys-
ical systems [71–81] including atoms [71], photons [72–
74], trapped ions [75, 76], and superconducting circuits
[77–79].
We note that both real and complex components
of the TPM quasi-probability Pµ,ν
′
ij,k′l′ can be fully re-
constructed as a linear combination of the two-point
POVM distribution P→(m,m′). Detailed expression can
be found in Appendix D. The TPM quasi-probability
for the reverse process can be obtained in a similar
way by the following two-point POVMs P←(m,m′) =
Tr[M†mRγ(M ′†m′N (ρ)M ′m′)Mm].
This protocol can be generalized for the initial
and final quantum states in a d-dimensional Hilbert
space. In this case, a set of POVMs to obtain
the TPM quasi-probability can be constructed as fol-
lows: {Mm} = { 1√dΠiΠψµ ,
1√
2d
(Πi + Πj)Πψµ ,
1√
2d
(Πi +
iΠj)Πψµ} and {M ′m′} = { 1√dΠφν′Πk′ ,
1√
2d
Πφν′ (Πk′ +
Πl′),
1√
2d
Πφν′ (Πk′ + iΠl′)} for every possible µ, i, j and
ν′, k′, l′ satisfying i < j and k′ < l′. When the initial
and final quantum states commute with their reference
states, i.e., [ρ, γ] = 0 and [N (ρ),N (γ)] = 0, the two-
point POVM reduces to the conventional TPM protocol
using the projectors {Πi} and {Πk′}.
Once we obtain the TPM quasi-probability Pµ,ν
′
ij,k′l′ , the
quasi-probability of the entropy production P→(σ) can be
reconstructed by Eq. (15).
IV. FLUCTUATION THEOREMS FOR A
QUANTUM CHANNEL INDUCING
COHERENCE TRANSFER
A. Coherence transfer and negative
quasi-probability distributions
Even though Theorem 2 looks remarkably similar to
its classical counterpart (1), there is a crucial differ-
ence that P→(σ) can have negative values (see Fig. 4
and Section IV C for detailed discussions). This stems
from the fact that the real part of the TPM quasi-
probability Re[Pµ,ν
′
ij,k′l′ ] can be negative. The negativity
in the TPM quasi-probability distribution can be under-
stood in line with that the work quasi-probability distri-
butions [31, 45, 46] should allow negativity to preserve
the marginal distribution of work without disturbing the
mean energy difference in the TPM setting. The neg-
ativity in the work distribution occurs when the quan-
tum state and measurement operators do not commute
[31], and its relation to contextuality [46] has been re-
cently studied. More generally, we can find a connection
between the TPM and Wigner quasi-probability distri-
butions [82] by noting that both preserve the marginal
probabilities of non-commuting observables. In this man-
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FIG. 4. (Upper figure) Distribution of the forward P→(σ)
(blue) and backward P←(−σ) (red) entropy productions in
the JC Hamiltonian. The same parameters for HJC are chosen
as in Fig. 2 with τ = 18.66. The initial atomic state is given
by ρ = (1/2)|ψ〉〈ψ|+1/4 with |ψ〉 = (|g〉+|e〉)/√2. When the
field is initially in the incoherent thermal state γf , P→(σ) and
P←(−σ) are always positive (inner figure). When the initial
field is in the coherent Gibbs state |γf 〉, P→(σ) and P←(−σ)
can be negative (outer figure). (Lower figure) For both coher-
ent (green) and incoherent (blue) cases, the entropy produc-
tion satisfies the fluctuation theorem log [P→(σ)/P←(−σ)] =
σ in Eq. (16).
ner, their negativities can been studied as a signature of
nonclassicality [83]. Also, the deeper physical meaning of
the negativity might be found based on its relationship
to contextuality [84], which we leave to future analysis.
Let us discuss the necessary conditions to obtain the
negativity in P→(σ) in two different aspects: 1) coher-
ence contained in the system and 2) coherence transfer
induced by the channel. We study the condition for co-
herence in the quantum states first. We note that the
TPM distribution is always positive when both initial
and final states are diagonal with respect to the reference
states, i.e, ρ =
∑
i pi|i〉〈i| and N (ρ) =
∑
k′ p
′
k′ |k′〉〈k′|. In
this case, the TPM distribution is given by piT (|i〉 →
|k′〉) ≥ 0 and the FTs for classical channels can be re-
trieved. This result implies that coherence in the quan-
tum states is a necessary condition for the negativity in
P→(σ).
However, it is important to note that the initial or final
quantum state containing coherence is not enough to ob-
serve the negativity in P→(σ). We can have a quantum
Rγ
N
N
γ
ρ
N (ρ)
Rγ
N (γ)
N
γ
ρ
N (ρ)
Rγ
N
Rγ
N (γ)
(Rθγ ◦N )(ρ)
(Rθγ ◦N )(ρ)
J−iθN (γ)
J−iθN (γ)
J−iθγ
J iθγ
J iθγ
FIG. 5. Rotated Petz recovery maps (upper figure). The
reference state γ is fully recovered by the Petz recovery map,
i.e. (Rθγ ◦ N )(γ) = γ. For a covariant quantum channel N
satisfying J−iθN (γ) ◦N ◦J iθγ = N , all the rotated Petz recovery
maps are the same, i.e. Rθγ = Rγ (lower figure).
channelN which leads to positive P→(σ) regardless of co-
herences in the initial or final state. Suppose the quan-
tum channel N described by a set of Kraus operators
{Km} satisfying 〈k′|Km|i〉 = Kij(ωm)δ(ωm + log r′k′ −
log ri), where Kij(ωm) is some complex-valued function.
Through this channel, the transition |i〉〈j| N−→ |k′〉〈l′|
occurs between the same mode of coherence [85] sat-
isfying ωij = ω
′
k′l′ , where ωij := − log ri + log rj and
ω′k′l′ := − log r′k′ + log r′l′ . When {ri} and {r′k′} are non-
degenerate, the channel does not generate off-diagonal
terms |k′〉〈l′| from any diagonal terms |i〉〈i|. We note that
this type of quantum channel has a positive distribution
P→(σ) ≥ 0 for any initial states. Therefore, the quantum
channel should induce a coherence transfer between off-
diagonal elements to have the negativity in P→(σ). In the
following sections, we will see how the coherence transfers
by the quantum channel lead to a qualitatively different
nature of QFTs—the imaginary entropy production.
B. Rotated Petz recovery maps and imaginary
quantum information exchange
In order to understand the coherence transfer, it is im-
portant to note that there is an additional degree of free-
dom to choose in the Petz map for the full recoverability
of the reference state γ [86]. This additional parameter
leads to a family of recovery maps called the rotated Petz
recovery map (See Fig. 5).
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Definition 2 (Rotated Petz recovery map). For a given
reference state γ and CPTP map N , the Petz recovery
map can be generalized to the following form of the ro-
tated recovery map [86]
Rθγ(χ) :=
(
J 12+iθγ ◦ N † ◦ J−
1
2−iθ
N (γ)
)
(χ). (17)
Every rotated Petz recovery map fully recovers the refer-
ence state, i.e. Rθγ(N (γ)) = γ for every θ.
The ordinary Petz recovery map Rγ is the special case
of the rotated Petz map with θ = 0. Now, we calculate
the ratio between P→ and P← as in Eq. (11) with the gen-
eralized Petz map, where the reverse transition is given
by T˜ θij←k′l′ = 〈i|Rθγ(|k′〉〈l′|)|j〉. In this case, the ratio be-
tween the forward and backward transition acquires an
additional phase factor as
Tij→k′l′
(T˜ θij←k′l′)∗
= e−δqij→k′l′+iθ(ωij−ω
′
k′l′ ). (18)
The involvement of the phase is purely due to coher-
ences as it vanishes for the transition between diagonal
elements. The rotation in the Petz recovery map mod-
ifies the quantum information exchange by adding the
imaginary term:
(δqI)ij→k′l′ :=
ω′k′l′ − ωij
2
= −1
2
log
(
r′k′
r′l′
)
+
1
2
log
(
ri
rj
)
,
while keeping the real part as in Eq. (11). We choose
the factor (1/2) in δqI to be consistent with the real part
of δq. The single-shot entropy production then becomes
complex-valued as
σµ→ν
′
ij→k′l′ = δs
µ→ν′ − [(δqR)ij→k′l′ + i(δqI)ij→k′l′ ]. (19)
The quasi-probability distribution of entropy production
for the forward process P→(σ) = P→(σR + iσI) can be
defined in a similar way to Eq. (15), as well as for the
backward process P θ←(σ) by using the reverse processRθγ .
Analogous to the case of real-valued entropy production,
P→(σ) and P θ←(σ) can be reconstructed from the two-
point POVM introduced in Section III D.
Now we present the main result of the paper, which
fully reflects the involvement of quantum coherences in
the channel or in the system.
Theorem 3 (Generalized QFT). The quasi-probability
distribution of quantum entropy production P→(σ) for a
CPTP map N is related to its reverse process Rθγ by
P→(σ)
P θ←(−σ∗)
= eσR−2iθσI . (20)
Note that Theorem 2 can be deduced from the general-
ized QFT in Eq. (20) by taking θ = 0 and summing over
all the imaginary entropy productions σI . The imaginary
part of Eq. (20) only comes from the coherence transfer
|g〉 〈g| |g〉 〈e|
|e〉 〈g| |e〉 〈e|
δqgg→ee = βω0
δqge→eg = iβω0
δqI δqR
δqgg→gg = 0
!"#$%&'"(&)&(&*+&",-.-&
γa = e
−βHa/Za
δq = δqR + iδqIδqgg→eg
=
(1 + i)βω0
2
FIG. 6. Quantum information exchange for the two-level
atom with the fixed reference state γa = e
−βHa/Za. All
possible transitions are described by the arrows, and some
transformations are selected to show the values of quantum
information exchange. This can be generalized to a higher
dimensional system.
between off-diagonal elements, and it arises when coher-
ences are involved in both system and channel. In the
following sections, relationships between the imaginary
entropy production and the covariance property of the
quantum channel are discussed. We will also see that
the imaginary parts play an important role in recovering
other fluctuation theorems and the second law of ther-
modynamics for a quantum channel.
C. Two-level atom interacting with the coherent
and incoherent heat baths
As a specific case study, we recall the previous example
of the JC Hamiltonian in Eq. (5). We first show a simple
case of the QFT for an incoherent thermal channel, which
does not show negativities. From the definition of the en-
tropy production Eq. (19), we find σµ→ν
′
ij→k′l′ = − log p′ν′ +
log pµ−β(Ek′−Ei+El′−Ej)/2−iβ(Ek′−El′−Ei+Ej)/2,
where Ei are the energy eigenstates of the atomic Hamil-
tonian Ha. Note that Ek′ − El′ = Ei − Ej should hold
when the two-level atom is interacting with the thermal
field. Using this condition, the quantum entropy pro-
duction for the transition (µ, i, j) → (ν′, k′, l′) is sim-
plified as σµ→ν
′
ij→k′l′ = − log p′ν′ + log pµ − β(Ek′ − Ei),
where Ek′ − Ei(= El′ − Ej) is the energy exchange, or
heat flow, from the field to the atomic system. Note
that there is no imaginary part that appears in the en-
tropy production, and the entropy production probabil-
ity is always positive (see Fig. 4). When the chan-
nel induces a coherence transfer between off-diagonal el-
ements, the situation can be different. As an example,
we assume that the field is initially in a coherent Gibbs
state |γf 〉 ∝
∑∞
n=0 exp[−nβ~ω0/2]|n〉 before normaliza-
tion. Then the channel in Eq. (6) becomes
N coh0→τ (ρ0) = Trf [U0→τ (ρ0 ⊗ |γf 〉〈γf |)U†0→τ ]. (21)
We choose the interaction time τ 6= 0, where the thermal
equilibrium state of the atom γa returns to the initial
thermal equilibrium, i.e. N coh0→τ (γa) = γa. This allows us
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FIG. 7. (a) Real and (b) imaginary parts of P→(σR + iσI) for the JC model interacting with the coherent Gibbs state |γf 〉.
The initial state and the parameters are the same as in Fig. 4. The red points indicate the negativities. (d) The transition
probability between the rotated eigenstates T (e−iβHaθ/2|ψµ〉 → e−iβHaθ/2|φ′ν′〉) versus θ and (e) its Fourier transform with
normalization. The peaks indicate the points where the imaginary entropy productions occur (i.e., σI = 0,±β~ω0/2,±β~ω0).
(f) When the initial field is in the Gibbs state, the transition probability does not depend on the rotation, and (c) no imaginary
entropy production occurs.
to keep γa as the fixed reference state as for the thermal
channel.
Although the reference state γa is unchanged by the
channel, coherence transfers occur from the coherent
bath to the system as the condition Ek′ −El′ = Ei −Ej
no longer holds. We characterize the transitions between
off-diagonal elements by using the complex-valued quan-
tum information exchange (see Fig. 6). For example, a
transition |g〉〈g| N
coh
0→τ−−−−→ |e〉〈g| gives the complex quantum
information exchange of δqgg→eg = (1 + i)β~ω0/2, while
another transition |g〉〈e| N
coh
0→τ−−−−→ |e〉〈g| gives δqge→eg =
iβ~ω0. Consequently, the quantum entropy produc-
tion should be complex-valued for the cases inducing
coherence transfers. Figure 7 shows the points of non-
vanishing imaginary entropy production when the two-
level atom is interacting with the coherent bath.
D. Covariant quantum channel and symmetry
breaking
We discuss the physical meaning of the rotation in the
Petz recovery map in relation to the covariance prop-
erty of the quantum channel. We note that the rotation
part in Eq. (17) can be written as J iθγ (ρ) = U(θ)ρU†(θ)
with U(θ) = eiθ log γ , which is the form of the unitary
group transformation given by the generator log γ. Such
transformation can be regarded as translation in time,
space, or rotation, when the group generator is given
by a Hamiltonian, momentum operator, or angular mo-
mentum operator, respectively. For example, when the
fixed reference state is given in the form of γ ∝ e−βH for
a Hamiltonian H, the rotation J iθγ (ρ) = e−iβHθρeiβHθ
corresponds to the time-translation operation.
The physical symmetry of the quantum channel can
be studied by comparing the effects of the group trans-
formations before and after passing the channel. When
the quantum channel N satisfies the following symmetry
condition with respect to the two group transformations
U(θ) and V (θ):
N (U(θ)ρU†(θ)) = V (θ)N (ρ)V †(θ) (22)
for all θ, the channel is called covariant. In the previous
example of time-translation, if the quantum channel N
satisfies N (e−iβHθρeiβHθ) = e−iβHθN (ρ)eiβHθ, we say
the channel is covariant with respect to the group trans-
formations U(θ) and V (θ), where U(θ) = e−iβHθ = V (θ).
We also note that the covariance properties of quantum
channels have been studied in the context of the resource
theory of asymmetry [87–89], quantum thermodynamics
[23, 24, 90, 91], and quantum error correction [92, 93].
We demonstrate that the imaginary quantum informa-
tion exchange is directly related to the covariance prop-
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erty of the channel with respect to the group transfor-
mations U(θ) = eiθ log γ and V (θ) = eiθ logN (γ). We find
that the imaginary part of the information exchange van-
ishes when the quantum channel is covariant with respect
to U(θ) and V (θ). This condition can be equivalently ex-
pressed as
J−iθN (γ) ◦ N ◦ J iθγ = N .
Conversely, the non-vanishing imaginary quantum en-
tropy production implies that the quantum channel does
not have the covariance property. We summarize the
relationship between imaginary entropy production and
covariance of the quantum channel as the following the-
orem:
Theorem 4 (QFT for a covariant quantum channel).
For a covariant quantum channel N with respect to the
reference state γ, every rotated Petz recovery map reduces
into the ordinary Petz map (Rθγ = Rγ), and the quantum
entropy production does not have imaginary values.
Figure 5 provides an illustrative description of the co-
variant quantum channel and how every rotated Petz re-
covery map is reduced into the ordinary Petz recovery
map. A trivial example of covariant processes is a fully
decohered quantum channel given by
Nincoh = DN (γ) ◦M ◦ Dγ ,
where M can be any CPTP map, and Dγ(ρ) =
lim
∆θ→∞
1
∆θ
∫ ∆θ/2
−∆θ/2
dθJ iθγ (ρ) is a decohering operation
with respect to the eigenstates of γ. Nontrivial covariant
operations include thermal operations obeying energy-
conservation law, which we have discussed previously us-
ing the JC Hamiltonian interacting with the incoherent
bath.
On the other hand, the time-translational symmetry
breaking occurs for the channel N coh0→τ when the atom
is interacting with the coherent Gibbs state in the JC
Hamiltonian, which can be inferred from the imaginary
entropy production (see Fig. 7). The imaginary entropy
production not only indicates the broken symmetry of
the quantum channel but also provides additional infor-
mation about how it reacts by the group transforma-
tions U(θ) = eiθ log γ and V (θ) = eiθ logN (γ) in the fre-
quency domain. We note that the value of imaginary en-
tropy production σI having non-vanishing P→(σR + iσI)
should match the peaks in the Fourier transform of the
transition probability between the rotated eigenstates
T (U(θ/2)|ψµ〉 → V (θ/2)|φ′ν′〉) (see Fig. 7). If the channel
is covariant, the transition probability does not depend
on θ, which is consistent with the fact that there is no
imaginary entropy production.
In the following section, we demonstrate that the imag-
inary part of quantum entropy production also plays a
crucial role in the derivation of the second law inequality
from the general form of the integral QFT.
V. GENERALIZED SECOND LAW FOR A
QUANTUM CHANNEL
A. Integral QFT and quantum data processing
inequality
When the initial state ρ has the same rank as the ref-
erence state γ, the following equality holds for every θ〈
e−σR+iθσI
〉
= 1, (23)
where 〈·〉 denotes averaging over the TPM distribu-
tion. By taking θ = 0, we obtain 〈e−σR〉 =∑
σR
P→(σR)e−σR = 1, which resembles the classical in-
tegral FT [94]. Despite the negativities in P→(σ), we
verify that the examples discussed in the JC Hamilto-
nian in Fig. 7 satisfy the integral QFT given by Eq. (23)
for both cases of coherent and incoherent baths.
However, due to the complex-valued nature of both
the transition amplitude and the quantum entropy pro-
duction, it is impossible to apply Jensen’s inequality
to obtain the inequality for the first-order moment of
Eq. (23). This gives rise to the highly-nontrivial ques-
tion of whether the QFT involving complex values implies
the physically meaningful second law of thermodynam-
ics. Nevertheless, we show that the generalized second
law can be obtained by taking into account of both real
and imaginary parts of quantum entropy production as
follows:
Theorem 5 (The second law for a quantum channel).
The integral QFT for a quantum channel N is equivalent
to the following equality
Tr
[(
J
1−iθ
2
N (ρ) ◦ J
− 1−iθ2
N (γ) ◦ N ◦ J
1−iθ
2
γ ◦ J−
1−iθ
2
ρ
)
(ρ)
]
= κθ
(24)
for any real value of θ. Here, κθ = Tr[Πρ(Rθ/2γ ◦N )(ρ))]
is given by the projection Πρ onto the support of ρ. κθ = 1
when the initial state ρ has the same rank with γ. From
this equality condition, we can obtain a generalized second
law:
〈σ〉 = S (ρ||γ)− S (N (ρ)||N (γ)) ≥ 0 (25)
for the quantum channel N .
It is important to note that the expectation value of
the real part of entropy production is equal to the quan-
tum relative entropy difference, and Eq. (25) is known as
the quantum data processing inequality [86]. The expec-
tation value of the imaginary part of entropy production
vanishes, i.e., 〈σI〉 = 0. Non-decreasing of the first-order
moment of entropy production can be understood as the
second law for a quantum channel from the generalized
QFT similar to the relationship between the second law
of thermodynamics and the classical FT. The mean en-
tropy production 〈σ〉 has the physical meaning of average
information loss through the noisy quantum channel as
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〈σ〉 = 〈δs〉−〈δq〉 ≥ 0 implies that the system gains an ad-
ditional amount of uncertainty (i.e., entropy) compared
with the prediction from the reference state. The expec-
tation values of higher-order momenta should obey
∞∑
k=1
〈
(−σR + iθσI)k
〉
k!
= 0
for any value of θ from Eq. (25), so that the fluctuations
of the higher-order moments can be inferred from the
expectation values of lower-order moments.
By recalling the relationship between the second law
and reversibility of thermodynamic processes, it is natu-
ral to ask whether 〈σ〉 = 0 implies the perfect reversibil-
ity of the quantum state using the recovery map. In fact,
this has been proven to be true by the stronger version
of the quantum data processing inequality [86]
S(ρ||γ)− S(N (ρ)||N (γ))
≥ −
∫ ∞
−∞
dθg0(θ) log
[
F(ρ, (Rθ/2γ ◦ N )(ρ))
]
≥ − log [F(ρ, (R¯γ ◦ N )(ρ))] ,
(26)
where F(ρ, τ) = ||√ρ√τ ||21 is the quantum fidelity, and
R¯γ(ρ) :=
∫∞
−∞ dθg0(θ)R
θ/2
γ (ρ) with g0(θ) =
pi/2
cosh(piθ)+1 .
We prove this inequality in an alternative way in the
Appendix. Using Eq. (26), we see that if 〈σ〉 = 0,
F(ρ, (Rθ/2γ ◦N )(ρ)) should be 1 for every θ which implies
that ρ is fully recovered by every rotated Petz recovery
map. Conversely, by applying the quantum data process-
ing inequality to the channel Rθγ starting from N (ρ), we
can see that 〈σ〉 = 0 if (Rθγ ◦ N )(ρ) = ρ. We summarize
the necessary and sufficient conditions for the reversibil-
ity of the quantum channel as follows:
Theorem 6 (Reversibility condition for a quantum chan-
nel [86]). For a quantum channel N with respect to the
reference state γ, a transformation ρ
N−→ N (ρ) is fully
reversible by every Petz recovery map Rθγ , if and only if
the mean entropy production is zero, i.e. 〈σ〉 = 0. Also,
there exists a convex sum of the rotated Petz recovery
maps R¯γ satisfying
〈σ〉 ≥ − logF(ρ, (R¯γ ◦ N )(ρ)).
In order to relate 〈σ〉 to the second law of thermody-
namics, we consider a thermodynamic process including
the Hamiltonian change of the system and bath. Sup-
pose that the Hamiltonians of the system and bath are
given by HS and HB initially, and change into H
′
S and
H ′B , respectively. The thermodynamic channel for the
system interacting with the thermal bath γB can have
the following form:
Nth(ρS) = TrB [U(ρS ⊗ γB)U†].
Here, U is a unitary interaction between the system and
bath satisfying U(HS + HB)U
† = H ′S + H
′
B to obey
the energy conservation law 〈HS + HB〉ρSB = 〈H ′S +
H ′B〉UρSBU† for any system-bath state ρSB . The two-
level atom interacting with the incoherent bath by the
JC Hamiltonian is the specific example of such thermody-
namic channel, in which the Hamiltonians of the system
and bath do not change.
In quantum thermodynamics, it has been studied that
the free energy can be generalized into the form of
F (ρ) = Tr[ρH]− kBTS(ρ) to describe the second law re-
garding thermodynamic processes in the quantum regime
[17–19]. This stems from an approach [95] to define non-
equilibrium free energy by including information theo-
retic quantities. By applying the QFT to the channel
Nth, we can find the FT of the free energy loss through
quantum thermodynamic processes. If we take the refer-
ence state to be the Gibbs state γS for the initial Hamil-
tonian of the system HS , the thermodynamic channel
Nth maps this state into Nth(γS) = γ′S which is an-
other Gibbs state for the final Hamiltonian H ′S . We note
that the single-shot free energy difference can be writ-
ten in terms of the entropy production as (δF )µ→ν
′
ij→k′l′ =
E′k′ − Ei − kBTδsµ→ν
′
= −kBTσµ→ν
′
ij→k′l′ + ∆Feq, where
∆Feq = kBT log(ZS/Z
′
S) is the equilibrium free energy
difference. The imaginary entropy production vanishes
due to the condition E′k′−E′l′ = Ei−Ej [91]. Then the in-
tegral QFT leads to the balanced equality relation for the
quantum free energy difference for any non-equilibrium
initial state with full rank as
〈eβδF 〉 = eβ∆Feq .
The second law of quantum thermodynamics can be ob-
tained from Theorem 5 as
∆F := 〈δF 〉 ≤ ∆Feq.
The physical meaning of the above inequality is that the
mean dissipated free energy of non-equilibrium states
∆Feq − ∆F should always be greater than or equal to
zero, which can be deduced from its fluctuation theo-
rem 〈e−β(∆Feq−δF )〉 = 1. Furthermore, the following re-
versibility condition can be obtained from Theorem 6:
Corollary 6.1 (Recovery of thermodynamic channels).
For the thermodynamic channel Nth(ρ) = TrB [U(ρ ⊗
γB)U
†], the reverse thermodynamic channel given by the
Petz recovery map Rγ(ρ′) = TrB [U†(ρ′ ⊗ γ′B)U ] fully
recovers the initial quantum state if and only if ∆F =
∆Feq. More precisely, the recovery fidelity of the reverse
process is lower bounded by the free energy difference as
F(ρ, (Rγ ◦ Nth)(ρ)) ≥ eβ(∆F−∆Feq).
In generalized QFT, however, the fluctuating quantity
is not necessarily energetic values, but can be character-
ized in various physical contexts depending on the choice
of reference states. In the following sections, we will see
how the fluctuations of quantum information quantities
in the resource theory of asymmetry [88, 89] and entan-
glement can be understood under the framework of the
QFT.
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B. Asymmetry fluctuation in covariant channels
Let us consider a covariant channel Ncov with respect
to the generator L satisfying
Ncov(e−iLtρeiLt) = e−iLtNcov(ρ)eiLt (27)
as we discussed in Section IV B by taking the group trans-
formations U(t) = e−iLt = V (t). In the viewpoint of
quantum resource theory [96], asymmetry contained in
a quantum state serves as a resource for the reference
frame alignment [87] and quantum clocks [23, 24, 97].
The degree of asymmetry can be quantified by the rela-
tive entropy [85]
C(ρ) := S(ρ||D(ρ)),
where D(ρ) = lim
∆t→∞
1
∆t
∫ ∆t/2
−∆t/2
dte−iLtρeiLt =
Dexp[L](ρ). When L = λi|i〉〈i| does not have de-
generate eigenvalues, D(ρ) = ∑i〈i|ρ|i〉|i〉〈i| becomes
the diagonalized state of ρ. C(ρ) does not increase
by any covariant operations satisfying Eq. (27), i.e.,
C(ρ) ≥ C(Ncov(ρ)), known as the monotonicity of the
relative entropy of asymmetry.
The decreased amount of asymmetry through the co-
variant channel is due to the dissipation of asymmetry,
or the asymmetry loss, which is quantified by
∆C := C(Ncov(ρ))− C(ρ) ≤ 0.
In order to investigate the fluctuation of dissipated
asymmetry based on the QFT, we choose the reference
state D(ρ) = ∑i ri|i〉〈i|. Then by using the property
of the covariant channel, we see that Ncov(D(ρ)) =
D(Ncov(ρ)) =
∑
k′ r
′
k′ |k′〉〈k′|, where both |i〉 and |k′〉
are the eigenstates of L. When L is nondegenerate,
ri = 〈i|ρ|i〉 and r′k′ = 〈k′|N (ρ)|k′〉. We note that by
using these reference states, the single-shot coherence
loss δC for the transition (µ, i, j) → (ν′, k′, l′) can be
written as δCµ→ν
′
ij→k′l′ = −σµ→ν
′
ij→k′l′ by noting that ∆C =∑
µ,ν′
∑
i,j,k′,l′ P
µ,ν′
ij,klδC
µ→ν′
ij→k′l′ = −〈σ〉 based on the TPM
distribution and the single-shot quantum entropy pro-
duction. The asymmetry loss then obeys the following
fluctuation relation〈
eδCR−iθδCI
〉
= κθ
for any θ, from the integral QFT. Note that κθ = 1
when the initial state ρ is full rank. This fluctuation
relation provides information on the statistics of the dis-
sipated asymmetry in more detail compared to the mean
asymmetry loss given by the monotonicity of the asym-
metry measure ∆C = 〈δC〉 ≤ 0. The inequality con-
dition for the mean asymmetry loss is the consequence
of the former equality condition as seen in Theorem 5.
We also highlight that every rotated Petz recovery map
RθD(ρ) is a covariant quantum channel with respect to L
and recovers all diagonal elements of the initial state as
(RθD(ρ) ◦ Ncov)(D(ρ)) = D(ρ). By combining these ob-
servations with Theorem 6, we establish the relationship
between the asymmetry loss and the reversibility via a
covariant recovery channel. This has been studied in the
context of the catalytic transformation of quantum states
[97].
Corollary 6.2 (Recovery of covariant channels [97]). A
quantum state is fully recoverable if and only if there is no
asymmetry loss ∆C = 0 through the covariant quantum
channel Ncov. Also, there exists a covariant recovery map
that gives the recovery fidelity satisfying
F(ρ, (R¯D(ρ) ◦ Ncov)(ρ)) ≥ e∆C .
We introduce another application of the QFT in the
resource theory of asymmetry. We note that although
the average amount of asymmetry cannot be increased
under a covariant quantum channel, some off-diagonal
components ρij can be merged [18, 91] to get a larger
off-diagonal coefficient |ρk′l′ | in the output state. We can
prove the upper bound for the value of the off-diagonal
element using the QFT, which provides more information
than the mean value of the asymmetry loss.
Theorem 7 (Coherence merging bound for a covariant
process). Suppose that the quantum channel Ncov is co-
variant with respect to the generator L. After passing
through the channel, the value of the off-diagonal ele-
ments is upper bounded by
|Ncov(ρ)k′l′ | ≤
∑
Ω+
k′l′
|ρij |e−(δqR)ij→k′l′ +
∑
Ω−
k′l′
|ρij |,
where Ω+k′l′ and Ω
−
k′l′ are the subsets of Ωk′l′ = {(i, j)|λi−
λj = λk′−λl′} with (δqR)ij→k′l′ ≥ 0 and (δqR)ij→k′l′ < 0
for an arbitrary reference state γ commuting with L.
The coherence merging inequality in Theorem 7 is a gen-
eralization of the coherence merging inequalities in quan-
tum thermodynamics [18, 91], as the Theorem can be ap-
plied to not only a thermal channel but also any covariant
quantum channels.
Let us discuss how the different choices of reference
states lead to different interpretations of loss albeit
through the same quantum channel. For this purpose, we
adopt the previously discussed JC Hamiltonian with the
parameters β = 1, ω0 = 1 and g = 0.1, and the thermal
noise term Lnoise with Γ = 0.1. We set the initial atomic
state ρ = (1/2)|ψ〉〈ψ|+1/4 with |ψ〉 = (|g〉+|e〉)/√2. We
note that the dynamics of the system can be interpreted
as a thermodynamic channel discussed in the last part of
Section V A, as well as a covariant channel with respect
to the system Hamiltonian Ha studied in Section V B. By
regarding this channel as a thermodynamic process, we
can choose the Gibbs state γa as the reference state. In
this case, the mean entropy production indicates the loss
in the free energy ∆F = 〈δF 〉 = −0.233, and the reverse
channel has the meaning of time-reversal operation in
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FIG. 8. Free energy loss (blue) versus asymmetry loss
(brown) in the JC Hamiltonian with thermal noise. The ini-
tial state and the parameters are the same as in Fig. 4, and
P→(σR) for each case is given by the summation over σI .
Both the free energy and coherence loss satisfy the integral
QFT: 〈eβδF 〉 = eβ∆Feq = 1 and 〈eδCR〉 = 1.
thermodynamics. For the same channel and initial state,
another choice of the reference state would be taking the
diagonal state D(ρ) to focus on the covariant property
of the channel. In this case, the corresponding reverse
channel would be a covariant recovery channel, and the
mean entropy production ∆C = 〈δCR〉 = −0.115 can
be regarded as the dissipated asymmetry in the quan-
tum state through the quantum channel. While the aver-
age values of free energy and coherence loss are different,
both satisfy the integral QFT, 〈eβδF 〉 = eβ∆Feq = 1 and
〈eδCR〉 = 1 by taking θ = 0 and noting that ∆Feq = 0 as
the Hamiltonian remains the same. Figure 8 shows the
distributions P→(σR) for the free energy and coherence
loss. This approach can be utilized to characterize and
quantify the loss of resources through a quantum channel
in various physical contexts.
C. Fluctuation of entanglement and coherent
information
We apply the QFT to study a stochastic entanglement
generation by a local operation and classical communi-
cation (LOCC). We consider a LOCC protocol on a pure
bipartite state |Ψ〉AB , which is similar to the construction
introduced in Ref. [98], to study the fluctuation of entan-
glement. The initial amount of entanglement between A
and B is quantified by the entanglement entropy as
ES(|Ψ〉AB) = S(ρA) = S(ρB),
where ρA and ρB are the marginal states of the local
parties A and B, respectively. Now let us perform a local
POVM on B with a set of measurement operators {Km},
followed by a local unitary operation Vm on A based on
the measurement outcome m. The resulting state would
be another bipartite pure state
|Φm〉AB = (Vm ⊗Km)|Ψ〉AB/
√
Pm,
with the probability Pm = 〈Ψ|K†mKm|Ψ〉 for the outcome
m. Since the local unitary operation Vm does not change
the entanglement entropy of a pure bipartite state, the
entanglement difference between the initial and final
states is given by ∆EmS = ES(|Φm〉AB) − ES(|Ψ〉AB).
The monotonicity of entanglement [99] tells us that the
amount of entanglement does not increase under LOCC
on average, i.e.,
∆ES :=
∑
m
Pm∆E
m
S ≤ 0.
The QFT in Theorem 5 shows that the fluctuation of
the entanglement loss obeys the balanced equality rela-
tion. By introducing the memory state |m〉M 〈m|, the
quantum channel NLOCC of the LOCC protocol can be
described as follows:
|Ψ〉AB〈Ψ| NLOCC−−−−−→
∑
m
Pm|Φm〉AB〈Φm| ⊗ |m〉M 〈m|,
where |m〉M are orthogonal to each other. We also take
the reference state to be 1A ⊗ ρB , then its evolution is
given by NLOCC(1A⊗ρB) = 1A⊗
∑
m Pmρ
m
B ⊗|m〉M 〈m|.
Here, ρmB = TrA|Φm〉AB〈Φm| is the local state of B
for the measurement outcome m. We note that ρB =∑
i ri|i〉A〈i| and ρmB =
∑
k′ r
m
k′ |m, k′〉B〈m, k′| by using
the Schmidt decompositions |Ψ〉AB =
∑
i
√
ri|i〉A|i〉B
and |Φm〉AB =
∑
k′
√
rmk′ |m, k′〉A|m, k′〉B . Based on
the reference state for the LOCC channel and regard-
ing the initial memory state as |0〉M 〈0|, the single-shot
entropy production for the transition (0, i, j)→ (m, k′, l′)
is given by σ0→m0ij→mk′l′ = log
√
rmk′r
m
l′ − log
√
rirj +
i
(
log
√
rml′ /r
m
k′ − log
√
ri/rj
)
, where
√
ri and
√
rmk′ are
the Schmidt coefficients of |Ψ〉AB and |Φm〉AB . The
QFT provides the balanced equality condition for the
difference between the Schmidt coefficients by defining
(δES)0ij→mk′l′ = −σ0→m0ij→mk′l′ . The integral QFT for the
entanglement loss is then obtained from Theorem 5〈
e(δES)R−iθ(δES)I
〉
= Fθ,
where Fθ = F(ρAB , (Rθ/21A⊗ρB ◦ NLOCC)(ρAB)) is the re-
covery fidelity of ρAB = |Ψ〉AB〈Ψ| by the recovery chan-
nel Rθ/21A⊗ρB . Theorem 5 leads to the monotonicity of
entanglement [99] ∆ES = −〈σ〉 ≤ 0.
It is important to note that the Petz recovery map
corresponding to the LOCC channel NLOCC also belongs
to LOCC, and this channel fully recovers the marginal
states of the local parties. This observation, combined
with Theorem 6, directly connects the entanglement loss
through the LOCC channel NLOCC to the recoverability
of the entangled state as follows:
Corollary 6.3 (Recovery of LOCC channels). A pure
bipartite state |Ψ〉AB can be fully recovered by the LOCC
channel if and only if there is no entanglement loss
by NLOCC, i.e., ∆ES = 0. Also, the entanglement
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loss is bounded by the average recovery fidelity F¯ :=∫∞
−∞ dθg0(θ)Fθ as
∆ES ≤ log F¯ .
This result can also be generalized to a bipartite mixed
state ρAB . The LOCC protocol NLOCC transforms the
initial state ρAB into ρ
m
AB = (Vm ⊗ Km)ρAB(V †m ⊗
K†m)/Pm when the measurement outcome is m. We
choose the reference state γ = 1A ⊗ ρB , where ρB is
the marginal state of ρAB , similar to the case of the pure
state. The first-order moment of the entropy production
then becomes
∆I(A〉B) :=
∑
m
PmI(A〉B)ρmAB−I(A〉B)ρAB = −〈σ〉 ≤ 0,
where I(A〉B)ρAB = S(ρB) − S(ρAB) is the coherent in-
formation [100, 101]. When ρAB is pure, the coherent
information I(A〉B) is reduced to the entanglement en-
tropy ES . As the coherent information quantifies the
amount of quantum correlation between the two parties,
the QFT in Eq. (24) captures the fluctuation of correla-
tion loss through the LOCC protocol. In particular, this
result can be utilized to investigate the fluctuation rela-
tion of quantum information quantities under feedback
control [5, 102]. It would also be interesting to explore
the case when the system and bath are initially correlated
[64]. Although the dynamics of the system may not be a
linear channel [64], the dynamics of the entire system in-
cluding the bath can be described by a CPTP map so that
the information exchange between the system and bath
can be studied in our QFT framework. In this way, ther-
modynamic quantities such as quantum heat and work
can be coherently combined to both quantum and classi-
cal information quantities involved in the Maxwell demon
or Laundauer’s erasure in a unified framework.
VI. REMARKS
We have established a general framework of QFT by
showing that it is always possible for any linear quan-
tum channel to find the symmetry between the forward
and backward probabilities. In our formulation, the Petz
recovery map can be understood as a family of reverse
quantum channels, and entropy production in conven-
tional FTs can be generalized into the quantum regime.
The effect of coherences has been taken into account in
two different aspects: coherences in the quantum system
and coherent transitions by the channel. Coherences in
the quantum system lead to the modification of the FT
as quantum corrections are required in the conventional
fluctuation relations. We have seen that the significant
differences arise when the quantum channel induces off-
diagonal transitions. By introducing a complex-valued
quantum entropy production, the transitions between
both diagonal and off-diagonal elements of the system
density matrix can be understood by a single formula.
The imaginary part of the quantum entropy production
emerges at the point where nontrivial coherence transfer
occurs, which may imply the broken symmetry. We also
provide concrete examples of a two-level atom to explore
the coherence transfers induced by the dynamics and the
emergence of imaginary entropy productions. We high-
light that our approach can be applied to any physical
systems and dynamics described by a CPTP channel,
ranging from a single unitary operation to complicated
Lindblad equations.
Another important progress in this work is finding a di-
rect connection between the QFT and the quantum data
processing inequality. While both real and imaginary en-
tropy productions are essential to derive the second law
for a quantum channel from the QFT, only the real en-
tropy production contributes to the mean entropy pro-
duction represented by the quantum relative entropy dif-
ference. Our results provide a toolkit to analyze the dis-
sipation of quantum resources through a quantum chan-
nel. As the reference state to the Petz recovery map can
be chosen in various ways, our QFT allows investigat-
ing a given quantum channel from various angles, e.g.
energy, coherence, entanglement, by providing a refined
statistics of the dissipated resources. The relationship
between the QFT of dissipated quantum resources and
the monotonicity of the resource measure can be com-
pared to that between the classical FTs and the second
law of thermodynamics.
Yet there are possible applications and open-problems
which can be studied in future research. In quantum
thermodynamics, our approach can be useful to general-
ize the FTs with feedback control [5] into the quantum
regime by fully understanding the fluctuation relation in-
cluding quantum information exchange between the sys-
tem and quantum memory [60]. Finding the deeper phys-
ical meaning of the imaginary information exchange or
entropy production would be another interesting ques-
tion, and it may be useful to distinguish a quantum chan-
nel by coherent and incoherent components. Quantum
error correction protocols could benefit from this; the loss
caused by a noisy quantum channel can be analyzed with
greater details, and the resource-efficient quantum error
correction protocols can be developed in a covariant way
[92, 93]. Another interesting direction of future research
would be developing a generalized measurement proto-
col [30, 32] to directly measure both real and imaginary
entropy productions in a noninvasive way.
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Appendix A: Proof of Theorem 1:
Recall that the reverse channel is expressed as Rγ =
J 12γ ◦ N † ◦ J−
1
2
N (γ). Then we have
T (|ψ〉 → |φ′〉)
= 〈φ′|N (|ψ〉〈ψ|)|φ′〉
= 〈φ′|N (γ) 12 (J− 12N (γ) ◦ N ◦ J
1
2
γ )(γ
− 12 |ψ〉〈ψ|γ− 12 )N (γ) 12 |φ′〉
= 〈φ˜′|(J− 12N (γ) ◦ N ◦ J
1
2
γ )(|ψ˜〉〈ψ˜|)|φ˜′〉〈ψ|γ−1|ψ〉〈φ′|N (γ)|φ′〉
= 〈ψ˜|(J 12γ ◦ N † ◦ J−
1
2
N (γ))(|φ˜′〉〈φ˜′|)|ψ˜〉〈ψ|γ−1|ψ〉〈φ′|N (γ)|φ′〉
= T˜ (|ψ˜〉 ← |φ˜′〉)〈ψ|γ−1|ψ〉〈φ′|N (γ)|φ′〉,
which completes the proof.
Appendix B: Recovery map for a Lindblad equation
We show that the reverse process of the forward Lind-
blad equation
L(ρ) = − i
~
[Ht, ρ] +
∑
n
(
LnρL
†
n −
1
2
{L†nLn, ρ}
)
is given by the following backward Lindblad equation
L˜(ρ) = − i
~
[H˜t, ρ] +
∑
n
(
L˜nρL˜
†
n −
1
2
{L˜†nL˜n, ρ}
)
by applying the Petz recovery map for infinitesimal time
interval dt. For mathematical simplicity, we set ~ = 1.
Note that the reverse channel for infinitesimal time in-
terval dt is given by
Rt←t+dt = J 1/2γt ◦ (1 + L†dt) ◦ J−1/2γt+dt ,
where L†(A) = i[Ht, A] +
∑
n
(
L†nALn −
(1/2){L†nLn, A}
)
. By taking the first order of dt,
we get
Rt←t+dt(ρ) = ρ− (G˙G−1ρ+ ρG−1G˙)dt
+GL†(G−1ρG−1)Gdt,
where we denote G = γ
1/2
t and its time derivative G˙ for
mathematical simplicity. We note that GG−1 = 1, which
leads to ˙(G−1) = −G−1G˙G−1. The last term of Rt←t+dt
can be expanded as
GL†(G−1ρG−1)G = i(GHtG−1ρ− ρG−1HtG)
+
∑
n
(
GL†nG
−1ρG−1LnG
− 1
2
GL†nLnG
−1ρ+ ρG−1L†nLnG
)
.
By defining L˜n = GL
†
nG
−1, we can rewrite the above
equation as
GL†(G−1ρG−1)G =
∑
n
(
L˜nρL˜
†
n −
1
2
{L˜†nL˜n, ρ}
)
+ i(GHtG
−1ρ− ρG−1HtG)
+
1
2
∑
n
{L˜†nL˜n, ρ}
+
∑
n
(
GL†nG
−1ρG−1LnG
− 1
2
GL†nLnG
−1ρ+ ρG−1L†nLnG
)
.
Meanwhile, we also note that G = γ
1/2
t then∑
n
LnGGL
†
n = L(γt) + i[Ht, γt] +
1
2
∑
n
{L†nLn, γ},
where L(γt) = γ˙t = GG˙+ G˙G. This leads to
∑
n
L˜†nL˜n = G
−1
(
GG˙+ G˙G+ i[Ht, GG]
+
1
2
∑
n
{L†nLn, GG}
)
G−1
= G˙G−1 +G−1G˙+ iG−1HtG− iGHtG−1
+
1
2
∑
n
(
G−1L†nLnG+GL
†
nLnG
−1) .
By combining these altogether, we finally get
Rt←t+dt(ρ) = i
2
[
GHtG
−1 + iG˙G−1 +
i
2
∑
n
GL†nLnG
−1, ρ
]
+
i
2
[
G−1HtG− iG−1G˙− i
2
∑
n
G−1L†nLnG, ρ
]
+
∑
n
(
L˜nρL˜
†
n −
1
2
{L˜†nL˜n, ρ}
)
= −i[H˜t, ρ] +
∑
n
(
L˜nρL˜
†
n −
1
2
{L˜†nL˜n, ρ}
)
,
where the Hamiltonian for the reverse process H˜t is de-
fined as
H˜t = −1
2
(
GHtG
−1 + iG˙G−1 +
i
2
∑
n
GL†nLnG
−1)+ h.c..
After recovering ~, we obtain the expression in Eq. (9).
This result can also be generalized for the rotated Petz
recovery map by taking G = γ
1/2+iθ
t and taking into
account for G† = γ1/2−iθt as its Hermitian conjugate.
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Appendix C: Proof of Theorems 2 and 3:
We prove Theorem 3 as follows:
P→(σ)e−σR+2iθσI
=
∑
µ,i,j
∑
ν′,k′,l′
Pµ,ν
′
ij,k′l′δ
(
σ − σµ→ν′ij→k′l′
)
e−σR+2iθσI
=
∑
µ,i,j
∑
ν′,k′,l′
pµTij→k′l′e−σR+2iθσI δ
(
σ − σµ→ν′ij→k′l′
)
=
∑
µ,i,j
∑
ν′,k′,l′
p′ν′ T˜
∗
ij←k′l′e
iθ log
(
rjr
′
k′
rir
′
l′
)
δ
(
σ − σµ→ν′ij→k′l′
)
=
∑
µ,i,j
∑
ν′,k′,l′
p′ν′ T˜ij←k′l′e
iθ log
(
rir
′
l′
rjr
′
k′
)
δ
(
σ − σµ→ν′ji→l′k′
)
=
∑
µ,i,j
∑
ν′,k′,l′
p′ν′ T˜ij←k′l′e
iθ log
(
rir
′
l′
rjr
′
k′
)
δ
(
σ∗ + σµ←ν
′
ij←k′l′
)
= P θ←(−σ∗),
by using the fact that T˜ ∗ij←k′l′ = Tji←l′k′ and σ
µ→ν′
ji→l′k′ =
−[σµ←ν′ij←k′l′ ]∗. Note that Theorem 2 is the special case of
Theorem 3 with θ = 0 as P→(σR+iσI)e−σR = P←(−σR+
iσI). By summing over all σI , we achieve Theorem 2.
Appendix D: Obtaining the quasi-probability
distribution from a two-point POVM
We demonstrate that the TPM quasi-probability
Pµ,ν
′
ij,k′l′ can be obtained from the distribution of a two-
point POVM
P→(m,m′) = Tr[M ′m′N (MmρM†m)M ′†m′ ],
where {Mm} = { 1√dΠiΠψµ ,
1√
2d
(Πi + Πj)Πψµ ,
1√
2d
(Πi +
iΠj)Πψµ} and {M ′m′} = { 1√dΠφν′Πk′ ,
1√
2d
Πφν′ (Πk′ +
Πl′),
1√
2d
Πφν′ (Πk′ + iΠl′)} for every possible µ, i, j and
ν′, k′, l′ satisfying i < j and k′ < l′. To do this, we show
that Pµ,ν
′
ij,k′l′ can be expressed in terms of P→(m,m
′) for
given pairs of (µ, i, j) and (ν′, k′, l′). Without loss of gen-
erality, we assume that i, j ∈ {0, 1} and k′, l′ ∈ {0′, 1′}.
For mathematical simplicity, we define
P (a, b′) := Tr[M ′(ν′,b′)N (M(µ,a)ρM†(µ,a))M ′
†
(ν′,b′)]
for fixed values of µ and ν′, where
M(µ,0) :=
1√
d
Π0Πψµ
M(µ,1) :=
1√
d
Π1Πψµ
M(µ,+) :=
1√
2d
(Π0 + Π1)Πψµ
M(µ,×) :=
1√
2d
(Π0 + iΠ1)Πψµ
and
M ′(ν′,0′) :=
1√
d
Πφν′Π0′
M ′(ν′,1′) :=
1√
d
Πφν′Π1′
M ′(ν′,+′) :=
1√
2d
Πφν′ (Π0′ + Π1′)
M ′(ν′,×′) :=
1√
2d
Πφν′ (Π0′ + iΠ1′).
First, we note that
Pµ,ν
′
ii,k′k′ = d
2P (i, k′)
with i = 0, 1 and k′ = 0′, 1′. For i = j and k′ 6= l′, we
define
Q(a, b′) := P (a, b′)− 1
2
∑
k′=0′,1′
P (a, k′)
for a ∈ {0, 1} and b′ ∈ {+′,×′}. We then obtain
Pµ,ν
′
ii,0′1′ = d
2[Q(i,+′) + iQ(i,×′)]
Pµ,ν
′
ii,1′0′ = d
2[Q(i,+′)− iQ(i,×′)].
Similarly, for i 6= j and k′ = l′, we obtain
Pµ,ν
′
01,k′k′ = d
2[Q(+, k′) + iQ(×, k′)]
Pµ,ν
′
10,k′k′ = d
2[Q(+, k′)− iQ(×, k′)],
where
Q(a, b′) := P (a, b′)− 1
2
∑
i=0,1
P (i, b′)
for a ∈ {+,×} and b′ ∈ {0′, 1′}. In order to obtain
the TPM quasi-probability for i 6= j and k′ 6= l′, we
additionally define
Q(a, b′) := P (a, b′)
− 1
2
∑
i=0,1
Q(i, b′)−
∑
k′=0′,1′
Q(a, k′)
− 1
4
P¯
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for a ∈ {+,×} and b ∈ {+′,×′}, where P¯ =∑
i=0,1
∑
k′=0′,1′ P (i, k
′). Finally, we obtain
Pµ,ν
′
010′1′
Pµ,ν
′
011′0′
Pµ,ν
′
100′1′
Pµ,ν
′
101′0′
 = d2
1 i i −11 −i i 11 i −i 1
1 −i −i −1

Q(+,+
′)
Q(+,×′)
Q(×,+′)
Q(×,×′)
 ,
thus we conclude that every element of Pµ,ν
′
ij,k′l′ is ex-
pressed in terms of P (m,m′). Then, P→(σ) for both
real and imaginary σ can be obtained from the TPM
quasi-probability distribution Pµ,ν
′
ij,k′l′ .
Appendix E: Proof of Theorem 4:
We first show that if a quantum channel N is covariant
with respect to the reference state, i.e.
J−iθN (γ) ◦ N ◦ J iθγ = N ,
all of its rotated Petz recovery maps Rθγ are the same
with Rγ . Note that J iθγ and J−iθN (γ) are unitary processes;
therefore, the adjoint map N † satisfies
N † =
(
J−iθN (γ) ◦ N ◦ J iθγ
)†
= J−iθγ ◦ N † ◦ J iθN (γ).
Therefore, the rotated Petz recovery map is given by
Rθγ(ρ) = (J
1
2+iθ
γ ◦ N † ◦ J−
1
2−iθ
N (γ) )(ρ)
= (J 12γ ◦ J iθγ ◦ N † ◦ J−iθN (γ) ◦ J
− 12
N (γ))(ρ)
= (J 12γ ◦ N † ◦ J−
1
2
N (γ))(ρ)
= Rγ(ρ).
Now we prove the remaining part of Theorem 4. In
terms of the elements in the transition matrix, every co-
variant quantum process obeys
Tij→k′l′e
iθ log
√
rjr
′
k′
rir
′
l′ = Tij→k′l′ .
Multiplying both sides by e−iθσI followed by the integra-
tion over θ leads to
Tij→k′l′δ
(
σI − log
√
rir′l′
rjr′k′
)
= Tij→k′l′δ(σI). (E1)
Therefore, the probability distribution of entropy pro-
duction is given by
P→(σR + iσI) = P→(σR)δ(σI)
and the QFT with real values of σ is given by
P→(σ)
P←(−σ) = e
σ,
where the parameter θ is omitted since every rotated re-
covery map is identical to the Petz recovery map Rγ .
Appendix F: Imaginary entropy production and
symmetry breaking
We note that the non-vanishing point of the entropy
production distribution can be written as
P→(σR + iσI)
=
∑
µ,ν′
∑
∆qR
δ(σR − δsµ→ν′ + ∆qR)
×
∑
i,j,k′,l′
Pµ,ν
′
ij,klδ(∆qR − (δqR)ij→k′l′)δ(σI + (δqI)ij→k′l′)
=
∑
µ,ν′
∑
∆qR
pµδ(σR − δsµ→ν′ + ∆qR)
× 1
(2pi)2
∫
d2ξeiξR∆qRe−iξIσIχµν′(ξR, ξI),
where
χµν′(ξR, ξI)
:= 〈φ′ν′ |N (γ)
i(ξR−ξI )
2 N (γ −i(ξR−ξI )2 |ψµ〉〈ψµ|γ
−i(ξR+ξI )
2 )
N (γ) i(ξR+ξI )2 |φ′ν′〉.
Then the contribution from the transition between the
rotated eigenstates comes from ξR = 0 and ξI = θ
as
∫∞
−∞ dθe
−iθσIχµν′(0, θ) is the Fourier transform of
T (U(θ/2)|ψµ〉 → V (θ/2)|φ′ν′〉).
Appendix G: Proof of Theorem 5:
We first show the equivalent expression of the integral
QFT in terms of the rescaling maps:
〈e−σR+iσIθ〉
=
∑
µ,i,j
∑
ν′,k′,l′
Pµ,ν
′
ij,k′l′e
−(σR)µ→ν
′
ij→k′l′+iθ(σI)
µ→ν′
ij→k′l′
=
∑
µ,i,j
∑
ν′,k′,l′
pµTij→k′l′
(
p′ν′
pµ
)√
rirj
r′k′r
′
l′
e
iθ log
√
rjr
′
k′
rir
′
l′
= Tr
[N (ρ)N (γ)− 1−iθ2 N (γ 1−iθ2 ρ− 12 ρρ− 12 γ 1+iθ2 )N (γ)− 1+iθ2 ]
= Tr
[(
J
1−iθ
2
N (ρ) ◦ J
− 1−iθ2
N (γ) ◦ N ◦ J
1−iθ
2
γ ◦ J−
1−iθ
2
ρ
)
(ρ)
]
for every θ. Then we can rewrite the last expression as
Tr
[(
J
1−iθ
2
N (ρ) ◦ J
− 1−iθ2
N (γ) ◦ N ◦ J
1−iθ
2
γ ◦ J−
1−iθ
2
ρ
)
(ρ)
]
= Tr[J−1/2ρ (ρ)(J
1+iθ
2
γ ◦ N † ◦ J−
1+θ
2
N (γ) )(N (ρ))]
= Tr[Πρ(Rθ/2γ (N (ρ)))]
= κθ,
where Πρ(·) is the projection operator onto the support
of ρ. This is due to the fact that J− 12ρ (ρ) can be defined
20
only in the Hilbert space spanned by the eigenvectors of
ρ having nonzero eigenvalues.
Meanwhile, the expectation values of the first-order
moment are
〈σR〉 =
∑
µ,i,j
∑
ν′,k′,l′
Pµ,ν
′
ij,k′l′(σR)
µ→ν′
ij→k′l′
=
∑
µ,i,j
∑
ν′,k′,l′
Pµ,ν
′
ij,k′l′
[
log
(
pµ
p′ν′
)
+ log
√
r′k′r
′
l′
rirj
]
=
∑
µ
pµ log pµ −
∑
i
ΠiρΠi log ri
−
∑
ν′
p′ν′ log p
′
ν′ +
∑
k′
Πk′N (ρ)Πk′ log r′k′
= S(ρ||γ)− S(N (ρ)||N (γ))
and
〈σI〉 =
∑
µ,i,j
∑
ν′,k′,l′
Pµ,ν
′
ij,k′l′(δqI)ij→k′l′
=
∑
µ,i,j
∑
ν′,k′,l′
Pµ,ν
′
ij,k′l′ log
√
rir′l′
rjr′k′
=
1
2
[∑
i
ΠiρΠi log ri −
∑
j
ΠjρΠj log rj
∑
k′
Π′kN (ρ)Πk′ log r′k′ −
∑
l′
Πl′N (ρ)Πl′ log r′l′
]
= 0,
by using the marginal distribution of the TPM quasi-
probability distribution as shown in Eq. (14). Therefore,
the first-order moment is given by the difference between
the quantum relative entropy 〈σ〉 = 〈σR〉 − iθ〈σI〉 =
S(ρ||γ)− S(N (ρ)||N (γ)) for every θ.
In order to obtain the generalized second law, we
utilize the following multivariate trace inequality re-
cently proven by Sutter, Berta, and Tomamichel [103],
which generalizes the Golden-Thompson and Araki-Lieb-
Thirring inequalities for multiple Hermitian matrices Hk:
log
∥∥∥∥∥exp
(
N∑
k=1
Hk
)∥∥∥∥∥
p
≤
∫ ∞
−∞
dθg0(θ) log
∥∥∥∥∥
N∏
k=1
e(1−iθ)Hk
∥∥∥∥∥
p
.
(G1)
Here, ‖A‖p :=
[
Tr
(√
A†A
)p] 1p
is the Schatten p-norm
with p ≥ 1, and g0(θ) = pi/2cosh(piθ)+1 . We choose p = 2
with H1 =
1
2U
†[logN (ρ)⊗1E ]U , H2 = − 12U†[logN (γ)⊗
1E ]U , H3 = 12 log γ, H4 = − 12 log ρ, and H5 = 12 log ρ,
where U is the isometry which leads to the Stinespring
dilation of the quantum channel N as TrEUρU† =
N (ρ). The right-hand-side becomes negative by observ-
ing that
∥∥∥∏5k=1 e(1−iθ)Hk∥∥∥2
2
≤ 1 from the integral QFT
〈e−σR+iσIθ〉 = κθ ≤ 1. Therefore, we have
(RHS) =
∫ ∞
−∞
dθg0(θ) log κθ ≤ 0.
ba Meanwhile, the left-hand-side can be calculated as
log
∥∥∥∥∥exp
(
5∑
k=1
Hk
)∥∥∥∥∥
2
=
1
2
log Tr
[
exp{U†(logN (ρ)⊗ 1E)U
− U†(logN (γ)⊗ 1E)U + log γ − log ρ+ log ρ}
]
.
The Peierls-Bogoliubov inequality
Tr
[
eF eG
] ≥ Tr [eF+G] ≥ exp{Tr [FeG]} ,
which holds for Hermitian matrices F and G and
Tr[eG] = 1 leads to
(LHS) ≥ 1
2
Tr
[
ρ{U†(logN (ρ)⊗ 1E)U
− U†(logN (γ)⊗ 1E)U + log γ − log ρ}
]
≥ 1
2
Tr
[N (ρ){logN (ρ)− logN (γ)}
+ ρ{log γ − log ρ}]
=
1
2
[S(N (ρ)||N (γ))− S(ρ||γ)] ,
by taking G = log ρ. Combining these results altogether,
we finally get the monotonicity of quantum relative en-
tropy S(ρ||γ) − S(N (ρ)||N (γ)) ≥ 0 as a consequence of
the integral QFT.
Appendix H: Proof of Theorem 6
The reversibility condition for the QFT can be proven
by using the following relationship between the relative
entropy and reversibility of a quantum channel [86]:
〈σ〉 ≥ −
∫ ∞
−∞
dθg0(θ) log
[
F(ρ, (Rθ/2γ ◦ N )(ρ))
]
, (H1)
where 〈σ〉 = S(ρ||γ)−S(N (ρ)||N (γ)). We also note that
the Sutter-Berta-Tomamichel inequality in Eq. (G1) also
leads to an alternative proof of the inequality given by
Eq. (H1). In order to see this, we take p = 1 and H ′1 =
1
2U
†[logN (ρ) ⊗ 1E ]U , H ′2 = − 12U†[logN (γ) ⊗ 1E ]U ,
H ′3 =
1
2 log γ, H
′
4 = − 12 log ρ, and H ′5 = log ρ. By us-
ing a similar logic to the proof of Theorem 5, we have
(RHS) = (1/2)
∫∞
−∞ dtg0(θ) log
[
F(ρ, (Rθ/2γ ◦ N )(ρ))
]
and (LHS) ≥ (1/2) [S(N (ρ)||N (γ))− S(ρ||γ)] = −〈σ〉/2,
which completes the proof.
Now we prove the Theorem. When 〈σ〉 = 0, ev-
ery F(ρ, (Rθ/2γ ◦ N )(ρ)) should be 1, which is the
perfect reversibility condition. Conversely, if one of
(Rθ/2γ ◦ N )(ρ) = ρ, 〈σ〉 = S(N (ρ)‖N (γ)) − S(ρ‖γ) =
S(N (ρ)‖N (γ)) − S((Rθ/2γ ◦ N )(ρ)‖(Rθ/2γ ◦ N )(γ)) ≤ 0
by the monotonicity of quantum relative entropy. This
condition implies that 〈σ〉 = 0. Therefore, 〈σ〉 = 0 if and
only if F(ρ, (Rθ/2γ ◦ N )(ρ)) = ρ for every θ.
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The bound for the recovery fidelity,
〈σ〉 ≥ − logF(ρ, (R¯γ ◦ N )(ρ)),
is then obtained by the joint concavity of the fidelity
function and the concavity of the logarithm function.
The Corollaries can be proved as follows: For ther-
modynamic processes Nth, we note that Nth(γ) = γ′,
where γ = e−βHS/ZS and γ′ = e−βH
′
S/Z ′S . Then
the explicit form of this Petz recovery map is given by
Rγ(ρ′) = TrB [U†(ρ′ ⊗ γ′B)U ], which is a reverse thermo-
dynamic process satisfying U†(H ′S +H
′
B)U = HS +HB .
We note that the thermodynamic process Rγ is covariant
with respect to the reference state γ; thus, every rotated
Petz recovery map Rθγ reduces into the single form Rγ .
Then we have R¯γ = Rγ and 〈σ〉 = β(∆Feq −∆F ), and
Theorem 6 leads to the reversibility condition.
For covariant processes, the only thing we need to
show is that RD(ρ) is a covariant quantum channel and
apply Theorem 6. This condition can be proven as
both D(ρ) and D(Ncov(ρ)) commute with the genera-
tor L. The rotated Petz recovery map is written as
RθD(ρ) = J
1
2+iθ
D(ρ) ◦ N †cov ◦ J
− 12−iθ
D(Ncov(ρ)), then the covariance
condition is achieved by
RθD(ρ)(e−iLtχeiLt)
= (J 12+iθD(ρ) ◦ N †cov ◦ J
− 12−iθ
D(Ncov(ρ)) ◦ J
−it
exp[L])χ
= (J−itexp[L] ◦ J
1
2+iθ
D(ρ) ◦ N †cov ◦ J
− 12−iθ
D(Ncov(ρ)))(χ)
= e−iLt(RθD(ρ)(χ))eiLt
as all the operations J 12+iθD(ρ) , N †cov, and J
− 12−iθ
D(Ncov(ρ)) com-
mute with J−itexp[L]. Therefore R¯D(ρ) is covariant with
respect to L as it is a convex sum of the covariant oper-
ations RθD(ρ). We also note that the recovery map R¯D(ρ)
fully recovers the diagonal elements:
(D ◦ R¯D(ρ))(Ncov(ρ)) = (R¯D(ρ) ◦ D)(Ncov(ρ))
= R¯D(ρ)(D(Ncov(ρ)))
= D(ρ)
as R¯D(ρ) fully recovers D(Ncov(ρ)) into D(ρ).
In a similar way to the covariant process, the recov-
ery condition for the LOCC protocol can be proven by
noting that the reverse process is another LOCC pro-
tocol as the reference state 1A ⊗ ρB and its evolution
NLOCC(1A⊗ ρB) = 1A⊗
∑
m Pmρ
m
B ⊗ |m〉M 〈m| act only
on the side of B. Furthermore, we note that the projec-
tion onto the initial state is given by |Ψ〉AB〈Ψ|, so that
κθ = Tr[|Ψ〉AB〈Ψ|Rθ/21A⊗ρB ◦ NLOCC)(|Ψ〉AB〈Ψ|)] = Fθ,
which is the recovery fidelity.
Appendix I: The proof of Theorem 7:
By using the property of the covariant quantum chan-
nel Ncov with respect to the generator L =
∑
i λi|i〉〈i|,
the transition matrix Tij→k′l′ has a non-vanishing value
only if λi − λj = λk′ − λl′ . If the reference state γ is
taken to commute with the generator L, γ and Ncov(γ)
have the same set of the eigenstates {|i〉} as the genera-
tor L. When an initial quantum state ρ =
∑
i,j ρij |i〉〈j|
evolves into Ncov(ρ) =
∑
k′,l′ Ncov(ρ)k′l′ |k′〉〈l′|, the value
of the off-diagonal element can be written as
|Ncov(ρ)k′l′ | =
∣∣∣∑
i,j
ρijTij→k′l′
∣∣∣
≤
∣∣∣ ∑
Ω+
k′l′
ρijTij→k′l′
∣∣∣+ ∣∣∣ ∑
Ω−
k′l′
ρijTij→k′l′
∣∣∣,
by using the triangle inequality. Here, Ωk′l′ = {(i, j)|λi−
λj = λk′ − λl′} denotes the set of (i, j) having the non-
vanishing transition matrix Tij→k′l′ for a given (k′, l′),
and Ω+k′l′ and Ω
−
k′l′ are the subsets of Ωk′l′ with the
real part of information exchange being (δqR)ij→k′l′ ≥ 0
and (δqR)ij→k′l′ < 0. From the fluctuation relation
Tij→k′l′ = e−δqij→k′l′+iθ(ωij−ω
′
k′l′ )(T˜ θij←k′l′)
∗, we then ob-
tain
|Ncov(ρ)k′l′ |
≤
∣∣∣ ∑
Ω+
k′l′
ρije
−δqij→k′l′+iθ(ωij−ω′k′l′ )(T˜ θij←k′l′)
∗
∣∣∣
+
∣∣∣ ∑
Ω−
k′l′
ρijTij→k′l′
∣∣∣
≤
∑
Ω+
k′l′
|ρij |e−(δqR)ij→k′l′
∣∣∣T˜ θij←k′l′ ∣∣∣+ ∑
Ω−
k′l′
|ρij |
∣∣∣Tij→k′l′ ∣∣∣
≤
∑
Ω+
k′l′
|ρij |e−(δqR)ij→k′l′ +
∑
Ω−
k′l′
|ρij |,
by noting that both
∣∣Tij→k′l′∣∣ and ∣∣T˜ θij←k′l′ ∣∣ are less
than 1.
[1] C. E. Shannon, A mathematical theory of communica-
tion, Bell Syst. Tech. J. 27, 379 (1948).
[2] E. T. Jaynes, Information theory and statistical mechan-
ics, Phys. Rev. 106, 620 (1957).
[3] R. Landauer, Irreversibility and heat generation in the
computing process, IBM J. Res. Dev. 5, 183 (1961).
[4] M. D. Vidrighin, O. Dahlsten, M. Barbieri, M. S. Kim,
V. Vedral, and I. A. Walmsley, Photonic Maxwell’s de-
22
mon, Phys. Rev. Lett. 116, 050401 (2016).
[5] T. Sagawa and M. Ueda, Generalized Jarzynski Equal-
ity under Nonequilibrium Feedback Control, Phys. Rev.
Lett. 104, 090602 (2010).
[6] G. Gallavotti and E. G. D. Cohen, Dynamical ensem-
bles in nonequilibrium statistical mechanics, Phys. Rev.
Lett. 74, 2694 (1995).
[7] G. E. Crooks, Entropy production fluctuation theorem
and the nonequilibrium work relation for free energy dif-
ferences, Phys. Rev. E 60, 2721 (1999).
[8] C. Jarzynski, Nonequilibrium Equality for Free Energy
Differences, Phys. Rev. Lett. 78, 2690 (1997).
[9] M. Campisi, P. Ha¨nggi, and P. Talkner, Quantum fluc-
tuation relations: Foundations and applications, Rev.
Mod. Phys. 83, 771 (2011).
[10] C. Maes and K. Netocˇny`, Time-reversal and entropy, J.
Stat. Phys. 110, 269 (2003).
[11] J. Liphardt, S. Dumont, S. B. Smith, I. Tinoco Jr.,
and C. Bustamante, Equilibrium Information from
Nonequilibrium Measurements in an Experimental Test
of Jarzynski’s Equality, Science 296, 1832 (2002).
[12] D. Collin, F. Ritort, C. Jarzynski, S. B. Smith, I. Tinoco
Jr, and C. Bustamante, Verification of the Crooks fluc-
tuation theorem and recovery of RNA folding free ener-
gies, Nature (London) 437, 231 (2005).
[13] V. Blickle, T. Speck, L. Helden, U. Seifert, and C.
Bechinger, Thermodynamics of a Colloidal Particle in
a Time-Dependent Nonharmonic Potential, Phys. Rev.
Lett. 96, 070603 (2006).
[14] O.-P. Saira, Y. Yoon, T. Tanttu, M. Mo¨tto¨nen, D. V.
Averin, and J. P. Pekola, Test of the Jarzynski and
Crooks Fluctuation Relations in an Electronic System,
Phys. Rev. Lett. 109, 180601 (2012).
[15] M. Esposito, U. Harbola, and S. Mukamel, Nonequi-
librium fluctuations, fluctuation theorems, and counting
statistics in quantum systems, Rev. Mod. Phys. 81,1665
(2009).
[16] P. Ha¨nggi and P. Talkner, The other QFT, Nat. Phys.
11, 108 (2015).
[17] M. Lostaglio, D. Jennings, and T. Rudolph, Descrip-
tion of Quantum Coherence in Thermodynamic Pro-
cesses Requires Constraints Beyond Free Energy, Nat.
Commun. 6, 6383 (2015).
[18] P. C´wiklin´ski, M. Studzin´ski, M. Horodecki, and J.
Oppenheim, Limitations on the Evolution of Quantum
Coherences: Towards Fully Quantum Second Laws of
Thermodynamics, Phys. Rev. Lett. 115, 210403 (2015).
[19] F. G. S. L. Branda˜o, M. Horodecki, N. H. Y. Ng, J. Op-
penheim, and S. Wehner, The second laws of quantum
thermodynamics, Proc. Natl. Acad. Sci. U.S.A. 112,
3275 (2015).
[20] J. A˚berg, Catalytic Coherence, Phys. Rev. Lett. 113,
150402 (2014).
[21] M. Perarnau-Llobet, K. V. Hovhannisyan, M. Huber, P.
Skrzypczyk, N. Brunner, and A. Ac´ın, Extractable Work
from Correlations, Phys. Rev. X 5, 041011 (2015).
[22] K. Korzekwa, M. Lostaglio, J. Oppenheim, and D. Jen-
nings, The extraction of work from quantum coherence,
New J. Phys. 18, 023045 (2016).
[23] G. Gour, D. Jennings, F. Buscemi, R. Duan, I. Mar-
vian, Quantum majorization and a complete set of en-
tropic conditions for quantum thermodynamics, Nat.
Commun. 9, 5352 (2018).
[24] H. Kwon, H. Jeong, D. Jennings, B. Yadin, and M.
S. Kim, Clock–Work Trade-Off Relation for Coherence
in Quantum Thermodynamics, Phys. Rev. Lett. 120,
150602 (2018).
[25] P. Talkner, E. Lutz, and P. Ha¨nggi, Fluctuation the-
orems: Work is not an observable, Phys. Rev. E 75,
050102(R) (2007).
[26] D. Kafri and S. Deffner, Holevo’s bound from a general
quantum fluctuation theorem, Phys. Rev. A 86, 044302
(2012).
[27] F. W. J. Hekking and J. P. Pekola, Quantum Jump Ap-
proach for Work and Dissipation in a Two-Level Sys-
tem, Phys. Rev. Lett. 111, 093602 (2013).
[28] T. Albash, D. A. Lidar, M. Marvian, and P. Zanardi,
Fluctuation theorems for quantum processes, Phys. Rev.
E 88, 032146 (2013).
[29] A. E. Rastegin, Non-Equilibrium Equalities with Unital
Quantum Channels, J. Stat. Mech. (2013) P06016.
[30] R. Dorner, S. R. Clark, L. Heaney, R. Fazio, J. Goold,
and V. Vedral, Extracting Quantum Work Statistics and
Fluctuation Theorems by Single-Qubit Interferometry,
Phys. Rev. Lett. 110, 230601 (2013).
[31] A. E. Allahverdyan, Nonequilibrium quantum fluctua-
tions of work, Phys. Rev. E 90, 032137 (2014).
[32] A. J. Roncaglia, F. Cerisola, and J. P. Paz, Work
Measurement as a Generalized Quantum Measurement,
Phys. Rev. Lett. 113, 250601 (2014).
[33] A. E. Rastegin and K. Z˙yczkowski, Jarzynski Equality
for Quantum Stochastic Maps, Phys. Rev. E 89, 012127
(2014).
[34] P. Solinas and S. Gasparinetti, Full distribution of work
done on a quantum system for arbitrary initial states,
Phys. Rev. E 92, 042150 (2015).
[35] C. Jarzynski, H. T. Quan, and S. Rahav, Quantum-
Classical Correspondence Principle for Work Distribu-
tions, Phys. Rev. X 5, 031038 (2015).
[36] F. Binder, S. Vinjanampathy, K. Modi, and J. Goold,
Quantum thermodynamics of general quantum pro-
cesses, Phys. Rev. E 91, 032119 (2015).
[37] J. Goold, M. Huber, A. Riera, L. del Rio, and P.
Skrzypczyk, The role of quantum information in ther-
modynamics: a topical review, J. Phys. A 49, 143001
(2016).
[38] A´. M. Alhambra, L. Masanes, J. Oppenheim, and C.
Perry, Fluctuating Work: From Quantum Thermody-
namical Identities to a Second Law Equality, Phys. Rev.
X 6, 041017 (2016).
[39] G. Bulnes Cuetara, M. Esposito, and G. Schaller, Quan-
tum Thermodynamics with Degenerate Eigenstate Co-
herences, Entropy 18, 447 (2016).
[40] P. Talkner and P. Ha¨nggi, Aspects of quantum work,
Phys. Rev. E 93, 022131 (2016).
[41] J. J. Alonso, E. Lutz, and A. Romito, Thermodynamics
of Weakly Measured Quantum Systems, Phys. Rev. Lett.
116, 080403 (2016).
[42] B. Gardas, S. Deffner, and A. Saxena, Non-Hermitian
Quantum Thermodynamics, Sci. Rep. 6, 23408 (2016).
[43] S. Deffner, J. P. Paz, and W. H. Zurek, Quantum work
and the thermodynamic cost of quantum measurements,
Phys. Rev. E 94, 010103(R) (2016).
[44] J. J. Park, S. W. Kim, and V. Vedral, Fluctua-
tion Theorem for Arbitrary Quantum Bipartite Systems,
arXiv:1705.01750.
23
[45] M. Perarnau-Llobet, E. Ba¨umer, K. V. Hovhannisyan,
M. Huber, and A. Ac´ın, No-Go Theorem for the Charac-
terization of Work Fluctuations in Coherent Quantum
Systems, Phys. Rev. Lett. 118, 070601 (2017).
[46] M. Lostaglio, Quantum Fluctuation Theorems, Contex-
tuality, and Work Quasiprobabilities, Phys. Rev. Lett.
120, 040602 (2018).
[47] A´. M. Alhambra, S. Wehner, M. M. Wilde, and M. P.
Woods, Work and reversibility in quantum thermody-
namics, Phys. Rev. A 97, 062114 (2018).
[48] B. Morris and G. Adesso, Quantum coherence fluctua-
tion relations, Special Issue on Quantum Coherence, J.
Phys. A 51, 414007 (2018).
[49] K. Funo and H. T. Quan, Path Integral Approach
to Quantum Thermodynamics, Phys. Rev. Lett. 121,
040602 (2018).
[50] J. A˚berg, Fully Quantum Fluctuation Theorems, Phys.
Rev. X 8, 011019 (2018).
[51] G. Manzano, J. M. Horowitz, and J. M. R. Parrondo,
Quantum Fluctuation Theorems for Arbitrary Environ-
ments: Adiabatic and Nonadiabatic Entropy Production,
Phys. Rev. X 8, 031037 (2018).
[52] Z. Holmes, S. Weidt, D. Jennings, J. Anders, and F.
Mintert, Coherent fluctuation relations: from the ab-
stract to the concrete, Quantum 3, 124 (2019).
[53] A. Bartolotta and S. Deffner, Jarzynski Equality for
Driven Quantum Field Theories, Phys. Rev. X 8,
011033 (2018).
[54] T. B. Batalha˜o, A. M. Souza, L. Mazzola, R. Auccaise,
R. S. Sarthour, I. S. Oliveira, J. Goold, G. De Chiara,
M. Paternostro, and R. M. Serra, Experimental Recon-
struction of Work Distribution and Study of Fluctuation
Relations in a Closed Quantum System, Phys. Rev. Lett.
113, 140601(2014).
[55] S. An, J.-N. Zhang, M. Um, D. Lv, Y. Lu, J. Zhang, Z.-
Q. Yin, H. T. Quan, and K. Kim, Experimental test of
the quantum Jarzynski equality with a trapped-ion sys-
tem, Nat. Phys. 11, 193 (2015).
[56] D. Petz, Sufficient subalgebras and the relative entropy
of states of a von Neumann algebra, Commun. Math.
Phys. 105, 123 (1986).
[57] S. R. de Groot and P. Mazur, Non-equilibrium Thermo-
dynamics (North-Holland, Amsterdam, 1962).
[58] D. Chandler, Introduction to Modern Statistical Me-
chanics (Oxford University Press, New York, 1987).
[59] T. Sagawa and M. Ueda, Minimal Energy Cost for
Thermodynamic Information Processing: Measurement
and Information Erasure, Phys. Rev. Lett. 102, 250602
(2009).
[60] T. Sagawa and M. Ueda, Fluctuation Theorem with In-
formation Exchange: Role of Correlations in Stochastic
Thermodynamics, Phys. Rev. Lett. 109, 180602 (2012).
[61] G. E. Crooks, Quantum operation time reversal, Phys.
Rev. A 77, 034101 (2008).
[62] J. R. Norris, Markov Chains, (Cambridge University
Press, Cambridge, UK, 1997).
[63] G. Manzano, J. M. Horowitz, and J. M. R. Parrondo,
Nonequilibrium potential and fluctuation theorems for
quantum maps, Phys. Rev. E 92, 032129 (2015).
[64] K. M. Fonseca Romero, P. Talkner, and P. Ha¨nggi, Is
the dynamics of open quantum systems always linear?,
Phys. Rev. A 69, 052109 (2004).
[65] D. Egloff, O. C. O. Dahlsten, R. Renner, and V. Vedral,
A measure of majorization emerging from single-shot
statistical mechanics, New J. Phys. 17 073001 (2015).
[66] E. H. Mingo, D. Jennings, Superpositions of mechan-
ical processes, decomposable coherence and fluctuation
relations, arXiv:1812.08159.
[67] B. W. Shore and P. L. Knight, The Jaynes-Cummings
model, J. Mod. Opt. 40, 1195 (1993).
[68] A. Peres, Separability criterion for density matrices,
Phys. Rev. Lett. 77, 1413 (1996); M. Horodecki, P.
Horodecki, and R. Horodecki, Separability of mixed
states: necessary and sufficient conditions, Phys. Lett.
A 223, 1 (1996).
[69] A. Smith, Y. Lu, S. An, X. Zhang, J.-N. Zhang, Z. Gong,
H. T. Quan, C. Jarzynski, and K. Kim, Verification of
the quantum nonequilibrium work relation in the pres-
ence of decoherence New J. Phys. 20, 013008 (2018).
[70] B. Gardas and S. Deffner, Quantum fluctuation theorem
for error diagnostics in quantum annealers, Sci. Rep. 8,
17191 (2018).
[71] L. Isenhower, E. Urban, X. L. Zhang, A. T. Gill,
T. Henage, T. A. Johnson, T. G. Walker, and M.
Saffman, Demonstration of a Neutral Atom Controlled-
NOT Quantum Gate, Phys. Rev. Lett. 104, 010503
(2010).
[72] J. L. O’Brien, G. J. Pryde, A. G. White, T. C. Ralph,
and D. Branning, Demonstration of an all-optical quan-
tum controlled-NOT gate, Nature (London) 426, 264
(2003).
[73] Z. Zhao, A.-N. Zhang, Y.-A. Chen, H. Zhang, J.-F. Du,
T. Yang, and J.-W. Pan, Experimental Demonstration
of a Nondestructive Controlled-NOT Quantum Gate for
Two Independent Photon Qubits, Phys. Rev. Lett. 94,
030501(2005).
[74] B. Hacker, S. Welte, G. Rempe, and S. Ritter, A pho-
tonphoton quantum gate based on a single atom in an
optical resonator, Nature (London) 536, 193 (2016).
[75] J. Benhelm, G. Kirchmair, C. F. Roos, and R. Blatt,
Towards fault-tolerant quantum computing with trapped
ions, Nat. Phys. 4, 463 (2008).
[76] C. J. Ballance, T. P. Harty, N. M. Linke, M. A. Sepiol,
and D. M. Lucas, High-Fidelity Quantum Logic Gates
Using Trapped-Ion Hyperfine Qubits, Phys. Rev. Lett.
117, 060504 (2016).
[77] M. Steffen, M. Ansmann, R. C. Bialczak, N. Katz, E.
Lucero, R. McDermott, M. Neeley, E. M. Weig, A. N.
Cleland, and J. M. Martinis, Measurement of the Entan-
glement of Two Superconducting Qubits via State To-
mography, Science 313, 1423 (2006).
[78] L. DiCarlo, J. M. Chow, J. M. Gambetta, Lev S. Bishop,
B. R. Johnson, D. I. Schuster, J. Majer, A. Blais, L.
Frunzio, S. M. Girvin, and R. J. Schoelkopf, Demon-
stration of two-qubit algorithms with a superconducting
quantum processor, Nature (London) 460, 240 (2009).
[79] R. Barends, J. Kelly, A. Megrant, A. Veitia, D. Sank, E.
Jeffrey, T. C. White, J. Mutus, A. G. Fowler, B. Camp-
bell, Y. Chen, Z. Chen, B. Chiaro, A. Dunsworth, C.
Neill, P. OMalley, P. Roushan, A. Vainsencher, J. Wen-
ner, A. N. Korotkov, A. N. Cleland, and J. M. Mar-
tinis, Superconducting quantum circuits at the surface
code threshold for fault tolerance, Nature (London) 508,
500 (2014).
[80] C. Zu, W.-B. Wang, L. He, W.-G. Zhang, C.-Y. Dai, F.
Wang, and L.-M. Duan, Experimental realization of uni-
24
versal geometric quantum gates with solid-state spins,
Nature (London) 514, 72 (2014).
[81] M. Veldhorst, C. H. Yang, J. C. C. Hwang, W. Huang,
J. P. Dehollain, J. T. Muhonen, S. Simmons, A. Laucht,
F. E. Hudson, K. M. Itoh, A. Morello, and A. S. Dzurak,
A two-qubit logic gate in silicon, Nature (London) 526,
410 (2015).
[82] E. P. Wigner, On the quantum correction for thermody-
namic equilibrium, Phys. Rev. 40 749 (1932).
[83] A. Kenfack and K. Zyczkowski, Negativity of the
Wigner function as an indicator of nonclassicality, J.
Opt. B: Quantum Semiclass. Opt. 6, 396 (2004).
[84] Robert W. Spekkens, Negativity and Contextuality are
Equivalent Notions of Nonclassicality, Phys. Rev. Lett.
101, 020401 (2008).
[85] I. Marvian and R. W. Spekkens, How to quantify coher-
ence: Distinguishing speakable and unspeakable notions,
Phys. Rev. A 94, 052324 (2016).
[86] M. Junge, R. Renner, D. Sutter, M. M. Wilde, and A.
Winter, Universal Recovery Maps and Approximate Suf-
ficiency of Quantum Relative Entropy, Ann. Inst. Henri
Poincare´ 19, 2955 (2018); M. M. Wilde, From Classical
to Quantum Shannon Theory, arXiv:1106.1445.
[87] M. Skotiniotis and G. Gour, Alignment of reference
frames and an operational interpretation for the G-
asymmetry, New J. Phys., 14, 073022 (2012).
[88] I. Marvian and R. W. Spekkens, The theory of manip-
ulations of pure state asymmetry: I. Basic tools, equiv-
alence classes and single copy transformations, New J.
Phys. 15, 033001 (2013).
[89] I. Marvian and R. W. Spekkens, Extending Noether’s
theorem by quantifying the asymmetry of quantum
states, Nat. Commun. 5, 3821 (2014).
[90] F. G. S. L. Branda˜o, M. Horodecki, J. Oppenheim,
J. M. Renes, and R. W. Spekkens, Resource Theory
of Quantum States Out of Thermal Equilibrium, Phys.
Rev. Lett. 111, 250404 (2013).
[91] M. Lostaglio, K. Korzekwa, D. Jennings, and T.
Rudolph, Quantum Coherence, Time-Translation Sym-
metry, and Thermodynamics, Phys. Rev. X 5, 021001
(2015).
[92] P. Faist, S. Nezami, V. V. Albert, G. Salton, F.
Pastawski, P. Hayden, and J. Preskill, Continuous
symmetries and approximate quantum error correction,
arXiv:1902.07714.
[93] M. P. Woods and A´. M. Alhambra, Continuous groups
of transversal gates for quantum error correcting codes
from finite clock reference frames, arXiv:1902.07725.
[94] U. Seifert, Entropy Production along a Stochastic Tra-
jectory and an Integral Fluctuation Theorem, Phys. Rev.
Lett. 95, 040602 (2005).
[95] P. G. Bergmann and J. L. Lebowitz, New Approach to
Nonequilibrium Processes, Phys. Rev. 99, 578 (1955)
[96] A. Streltsov, G. Adesso, and M. B. Plenio, Quantum
coherence as a resource, Rev. Mod. Phys. 89, 041003
(2017); E. Chitambar and G. Gour, Quantum resource
theories, Rev. Mod. Phys. 91, 025001 (2019).
[97] I. Marvian and S. Lloyd, From clocks to cloners: Cat-
alytic transformations under covariant operations and
recoverability, arXiv:1608.07325.
[98] A´. M. Alhambra, L. Masanes, J. Oppenheim, and C.
Perry, Entanglement fluctuation theorems, Phys. Rev.
A 100, 012317 (2019).
[99] G. Vidal, Entanglement monotones, J. Mod. Opt. 47,
355 (2000).
[100] B. Schumacher and M. A. Nielsen, Quantum data pro-
cessing and error correction, Phys. Rev. A 54, 2629
(1996).
[101] M. Horodecki, J. Oppenheim, and A. Winter, Par-
tial quantum information, Nature (London) 436, 673
(2005).
[102] M. Naghiloo, J. J. Alonso, A. Romito, E. Lutz, and
K.W. Murch, Information Gain and Loss for a Quan-
tum Maxwell’s Demon, Phys. Rev. Lett. 121, 030604
(2018).
[103] D. Sutter, M. Berta, and M Tomamichel, Multivari-
ate Trace Inequalities, Commun. Math. Phys. 352, 37
(2017).
